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Foreword

Since March, 1964, a Calcomp 507 digital incremental plotter
has been operational on the Electrologica X1 computér at the
Mathematical Centre in Amsterdam, The following report
describes the specifications of this plotter, and of a
programming package developed for it. The procedures PLOT,
PLOTFRAME, PLOTTEXT, PLOTAXIS, PLOTCURVE, MARKEDCURVE, SCALE,
PLOTAXIS2, and PLOTPICTURE were all written in ALGOL 60 [1],
and rigourously tested on the X1 in this form; the ALGOL
texts of all these procedures are included in the present
report., After this, the procedures PLOT, PLOTFRAME, PLOTTEXT,
PLOTAXIS, FLOTCURVE, FIXPLOT, ABSFIXPLOT, and FLOPLOT were
programmed in machine code for use with the {IC I ALGOL system;

these texts are not included in the report.

All the procedures except PLOTPICTURE may be regarded as
more or less basic building blocks, whereas PLOTPICTURE
is a completed "building". The "building blocks" can be
used to construct extensions to the present system, such as

logarithmic and polar scales, isolines, etc,

The authors wish to thank all members of the Computation
Department of the Mathematical Centre for their participation
in numerous fruitful discussions concerning this project.
Also, we wish to thank Miss H. de Hoyer for her rapid and

accurate typing of this report.

Erratum: The statement

alpha: =(phi + arctan(arg/sqrt(1 - arg + 2))) x rad + 180;
in Sample rogram 4 is incorrect: the phi should be changed
to read phil. However, this change makes very little

difference in the drawing obtained.
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1. Description of the Plotter

1.1 Introduction

The plotter consists of a drum over which paper passes from a
supply to a take-up roll. A carriage, carrying a pen, runs parallel
to the axis of the drum, a few millimeters from the paper. By means
of special machine instructions in the X1, the drum may be rotated
forward or backward by one tenth of a millimeter; similarly, the
carriage, with the pen, may be moved the same distance to left or
right; finally, the pen may be lowered to the surface of the paper,

or lifted from it.

We may define a system of co-ordinates by supposing that we view
the plotter from the front. Then, the +y direction is to the left,
and -y to the right; +x is from front to back, and -x from back to
front; +z is pen up, and -z is pen down. |

The detailed specifications of the plotter follow

drum speed 300 increments/s

carriage speed 300 increments/s

pen up/down 10 operations/s

step size .1 mm in x or y

step size .1 x \/E.mm for x and y simultaneously
maximum length of paper ca. 3650 cm (120 ft)

width of paper ca. 30.5 ecm (12 in)

width available for plotting ca. 27.9 ecm (11 in)



1.2 X1 Plotter Instructions

The six least significant bits of (A) or (S) can be sent to the

plotter (PL), with or without inversion.

6Y 8 Xp +(A) ==> (PL)
TY 8 XP ~(4) ==> (PL)
6z 8 Xp +(8) ==> (PL)
7Z 8 Xp -(8) =-=> (PL)

An action is defined only for the following values of the six bits

reaching the plotter:

1 +x (drum forwards)
2 -x (drum backwards)
L +y (carriage left)
8 -y (carriage right)
16 +z (pen up)
32 -z (pen down)

+x and +y simultaneously
9 +x and -y  simultaneously
-x and +y  simultaneously

10 -x and -y  simultaneously

If a plotter order is given within 3 ms after another plotter order

(100 ms after pen up or down), then the X1 delays the execution of

.- the given instruction for the appropriate length of time. No inter-

ruption facilities are provided.

A special condition setting P version of the above four orders
exists to determine whether the carriage 1s at the border of the
available plotting area. If the carriage stands at the right-hand
edge and an instruction to move it further right is given or at
the left-hand edge and an Instruction to move it further left

is given, the condition register is set affirmative and no motion
of the carriage takes place; in all other cases, the condition is

set negative.



1.3 Manual Controls on the Plotter

There are several knobs on the plotter to facilitate setting-up:

1. power on/off

2. drum one step forward or backward

3. carriage one step left or right

L, pen up/down

5., drum forward or backward at 100 steps/s
6. carriage left or right at 100 steps/s

T. chart drive on/off.



1.4 Scaling

In the sequel, we will make use of certain conventions concerning
scaling. For any plotting job, it is necessary to map from the

units of the quantities used in the program (hereafter called

"data units" or "dits") to some sort of physical "plotter units"
("p1its"). We will usually use capital letters to represent variables

expressed in data units, and small letters for those in plotter units.

We imagine a rectangle on the paper (the "plotter space") extending
from the point (0,0) at lower left to (xmax, ymaex) at upper right,

thus: (0, ymax) (xmax, ymax)

0,0 (xmax,0)

The unit in this plotter space is 0.1 mm in both x and y directions.

The corresponding rectangle in the "data space" extends from (XMIN,
YMIN) corresponding to (0,0) in plotter space to (XMAX, YMAX) corres-

ponding to (xmax, ymax), thus:
(XMIN, YMAX) (XMAX , YMAX)

(XMIN, YMIN) (XMAX,Y'MIN)
Defining the scaling factors

Sex = (XMAX - XMIN)/xmax
and
Sey = (YMAX - YMIN)/ymax,
then arbitrary points (X,Y) in the data space and (x,y) in the
plotter space are mapped onto one another as follows:
(X,Y) <==>(x x Sex + XMIN, y x Scy + YMIN)
and
(%,¥) <==>(X = XMIN)/Scx, (Y - YMIN)/Scy).
We ;ow proceed to the description of a number of standard procedures

developed by the authors.



2. Users' Description of the Plotting Procedures

2.1 The Procedure PLOT

PLOT constitutes the nucleus of the entire set of plotter procedures;
all the other procedures call upon it, either to accomplish some
pen movement, etc., or to obtain information about the current pen

position, scaling quantities, etc.

Within PLOT are stored the guantities: XMIN, YMIN, xmax, ymax, Scx,
~and Scy described above; xlast and ylast, representing the current x
and y co-ordinates of the pen in plits; and the Boolean pen recording

whether the pen is up (true) or down (false).
We now give the ALGOL heading of the procedure

real procedure PLOT(X,Y,IPEN); value X, Y, IPEN;

real X,Y; integer IPEN;

X and Y usually represent the co-ordinates of a point and may then
be in either plits or dits. IPEN usually represents the desired

vertical pen position according to a code described below.

(2) Calls to Cause HMotion of the Pen (0 < abs(IPEN) < k)

For all of these calls, the pen is moved from its current position
(recorded in xlast and ylast in plits) in as straight a line as
possible to the point represented by X and Y; according as IPEN is
positive or negative, X and Y are in dits or plits, respectively,

If the point given by X and Y does not lie within the frame, an error
(no. 1-27) is signalled; if the program is then continued, the line
will nevertheless be drawn to the prescribed point, unless it lies

outside the dimensions of the paper.



The pen is up or down during the drawing of the line depending on
the value of abs(IPEN):
if abs(IPEN) = 1, the pen is down;

2, the pen is up;

3, the vertical pen position is unaltered;

4, the pen is up, and the prescribed point may lie

outside the frame in the +x direction.

In this last case (abs(IPEN) = 4), xlast and ylast are reset to zero,
thus defining the origin of a new frame. If IPEN = -4 and X < 0, then
the pen moves to the position (xmax + 3000, 0)- i.e. 30 cm beyond

the frame.

After each of these calls, PLOT has the value zero.

(b) Calls to Obtain Information (5 < IPEN < 19)

After each of these calls, PLOT has some value which may be used
by the calling program.

IPEN = § PLOT = the value of X (in dits) converted to plits
6 PLOT = the value of Y (in dits) converted to plits
T PLOT = the value of X (in plits) converted to dits
8

PLOT = the value of Y (in plits) converted to dits

For the above four calls, the relevant quantity X or Y must lie
within the frame or an error condition will be signalled; if the

program is continued, the conversion is carried out nevertheless.

IPEN = 9 PLOT = the value of XMIN (in dits)
10 PLOT = the value of YMIN (in dits)
11 PLOT = the value of Scx
12 PLOT = the value of Scy
13 PLOT = the value of xmax (in plits)
14 PLOT = the value of ymax (in plits)
15 PLOT = the value of xlast (in plits)
16 PLOT = the value of ylast (in plits)
17 PLOT = the value of xlast converted to dits
18 PLOT = the value of ylast converted to dits
19 PLOT = +1 if the pen is up, -1 if the pen is down.



For the above 11 calls, the values of the parameters X and Y are

irrelevant.

(c) Initialization Calls, etc. (20 < abs(IPEN) < 25)

IPEN = 20

This call is used to cause a single movement of the pen
according to the value of X; the value of Y is irrelevant, The
actions corresponding to the various values of X have already been

given under the heading X1 Plotter Instructions. lote that the

quantities xlast, ylast, and pen are not updated by this call.

abs(IPEN) = 21
This call causes XMIN to receive the value of X, and YMIN
the value of Y; if IPEN = +21, the pen is raised, and the gquantity

pen 1is initialized.,

IPEN = 22 |
This call causes Scx to receive the value of X, and Scy the

value of Y.

abs(IPEN) = 23

This call causes xmax to receive the value of X, and ymax the
value of Y; if IPEN = 423, then xlast and ylast are initialized,
and the pen is moved to the point (0,0) in plits((XMIN, YMIN) in
dits)., The frame is thereby centered in the middle of the paper

in the y dimens ion.

IPEN = 24
This call causes xlast to receive the value of X, and ylast

the value of Y,

IPEN = 25

This call causes pen to be set true or false according as X

is positive or not; the value of Y is irrelevant.



NOTE 1:

NOTE 2:

. NOTE 3:

NOTE L:

Certain interlocks are built into the procedure to prevent
the use of any quantities which are currently undéfined.
The initialization calls may be used at any time, but,

for all other calls, (0°'< abs(IPEN) < 19), it is necessary
that calls to initialize all of the gquantities XMIN, YMIN,
Scx, Scy, xmax, ymax, xlast, ylast, and pen have been

given previously. The easiest way to accomplish this is

to use PLOTFRAME.

Notice carefully that after a call with IPEN = 20, the
quantities xlast, ylast, and pen become undefined, and
must be redefined appropriately before calls with

0 < abs(IPEN) < 19 may be employed.

Failure to observe the above points will result in an

error condition (no. 1-26).

A call of PLOT with an invalid value of IPEN will also

result in an error signal (no. 1-25).



2.2 The Procedure PLOTFRAME

The purpose of this procedure is to assign values to the quantities
XMIN, YMIN, xmex, ymax and to calculate Scx and Scy (these are
stored within the procedure PLOT, q.v.). The frame is centered in
the y direction on the paper, and the pen is left standing above

the point (0,0) in the plotter space ((XMIN,YMIN) in data space).

We here give the ALGOL heading of the procedure, to show the input

parameters

procedure PLOTFRAME ( XMIN,YMIN ,XMAX , YMAX ,xmax ,ymax) ;
value XMIN,YMIN, XMAX, YMAX, xmax, ymax;
real XMIN,YMIN,XMAX,YMAX; integer xmax,ymax;

xmax and ymax are given in plits, of course. If ymax is specified
greater than 2750, an error (no. 1-30) is signalled, and, if the

program is continued, ymax is set to 2750,

NOTE 1: PLOTFRAME only defines the frame and leaves the pen in the
position described above; it does not draw any lines

around the edge of the frame,

NOTE 2: Suppose we desire to leave a border around the actual plotting
area (for scales, labels, etc.); that is, suppose we want
a border of 1b plits to the left, rb to the right, bb below,
and ab above. Then, we may use the following program to

define this frame:

Q: = (XMAX - XMIN)/xmax;

R: (YMAX - YMIN)/ymax;

PLOTFRAME(XMIN - Q x 1b, YMIN - R x bb,
XMAX + Q * rb, YMAX + R X ab,

xmax + 1b + rb, ymax + bb + ab);
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2.3 The Procedure PLOTTEXT

We here give only the ALGOL 60 procedure heading:

procedure PLOTTEXT(X, Y, angle, height, italicity, first, i, text);
value X, Y, first, i; ‘

real X, Y, angle, height, italicity;

Boolean first;

integer 1

string text;

By means of the procedure PLOTTEXT, it is possible to draw a

string of any ALGOL 60 basic symbols, with the exception of those
delimiters represented by strings of bold-face or underlined letters.
Furthermore, it is possible to precede the symbols of the (possibly
empty) string by one of the special characters given below. The first
nine of these characters are intended for the marking of points on
curves, etc. Whether any preceeding character is drawn, and if so
which one, is determined by the absolute value of the parameter i

according to the following schedule:

abs(i) = 0 } no extra character precedes-the string
1
2 -+ precedes the string
3 X "
L X "
5 X "
6 Y "
T X "
8 X :
9 (] "
10 & "
11 O "
12 1T "
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The Form of the Characters

The shape of the plotted characters is determined by the

parameters angle, height, and italicity in the following way:

Each character is described within a parallelogram ABCD

C

A
angle prescribes the angle a, (a2), in degrees, measured counter-
clockwise from the x axis;

abs(height) specifies the height h. (h,) of the parallelogram, in

1 2
plotter units;

(i,), in degrees,

italicity gives the value of the angle i,I 5

measured clockwise.

The Form of the String

The quantities height, anglé, and italicity are evaluated
precisely once for each character to be drawn, before the drawing
of the character begins, and in the order given above (notice that
these parameters do not appear in the value list, and are thus
«"called by name"). Thus, it is possible to vary these quantities

‘during the plotting of the string.
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After drawing each character, PLOTTEXT calculates the
following "reference point"; that is, the position of the corner A’
of the next parallelogram. This point lies on the continuation

of AB at a distance of 6/7 h1 from A.

The Position of the Reference Point of the First Character

This is determined by the quantities X, Y, height, first,

and sign(i).

The Boolean first specifies whether a new reference point must
be calculated (first = EEBE)' or that the reference point calculated
during the last call of PLOTTEXT, FIXPLOT, ABSFIXPLOT, or FLOPLOT
is to be used (first = false). For this purpose, PLOTTEXT maintains
the co-ordinates of the reference point in two own variables
(FIXPLOT, ABSFIXPLOT, and FLOPLOT function by calling PLOTTEXT, and
do not require direct access to this information). Because of this
scheme, it is possible to call any of these four procedures with
first = false provided that any one of them has previously been
called with first = true. Thus, text and numbers may follow directly

after one another without the programmer having to concern himself

with the calculation of the proper co-ordinates,

We consider now the case first = true. Then, the sign of i
determines whether the given co-ordinates X and Y specify the
point A of the diagram (i > 0) or the point E(i < 0). The case
i < 0 is particularly important for the drawing of the special
curve marking symbols described above; then X and Y do not specify
the reference point, but it can easily be derived from them. The
sign of height specifies whether X and Y are given in data units,
and must be scaled to plotter units (height > 0), or are given

directly in plotter units (height < 0).

In the case first = false, the quamtities X, Y, and sign(height)
are completely irrelevant. The new reference point is simply
derived from the last one calculated by PLOTTEXT.

£
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For this derivation, not only the current sign of i, but also

that of the previous call is of importance, If these signs are

the same, then the new reference point is equal to the one
previously calculated and stored by PLOTTEXT. If old i > O and

new i < 0, then the reference point left behind by PLOTTEXT indicates
the point E of the new parallelogram. In this case, the following
characters are shifted the appropriate amount down and to the left.
If old 1 < O and new i > O, then an analogous shift up and to

the right will automatically be performed,

NOTE 1: The pen is always left lowered on the paper.

NOTE 2: abs(i) > 12 or a call with first = false which has not
been preceded by a call with first = true will lead to

an error being signalled (no. 1-31).

NOTE 3: The basic symbols begin, end, own, Boolean, integer, real,

array, switch, procedure, string, and label correspond

with the special characters for abs(i) = 2 to 12 inclusive.

The symbols goto, if, then, else, for, do, step, until,

while, comment, value, true, and false, along with tab and

carriage return, all correspond to a single space.

NOTE Y4: The drawing of the characters for 2 < abs (i) < 10 ends at the
point E of the parallelogram. Thus, for -10 < i < -2, the
drawing ends at the given point X, Y (provided, of course,

that first = true).
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2.4 The Procedure PLOTAXIS

The purpose of this procedure is to facilitate the drawing of

co-ordinate axes. We here give the ALGOL procedure heading.

procedure PLOTAXIS(X, Y, angle, LENGTH, DL);
value X, Y, angle, LENGTH, DL ;
real X, Y, angle, LENGTH, DL;

The procedure draws a line beginning at the point given in X and
Y, in the direction given by angle, for a distance given by LENGTH.

Tick marks are made along this line at intervals given by DL.

X, Y, LENGTH, and DL are in dits if LENGTH > 0, and otherwise
in plits; angle is given in degrees measured counter-clockwise

from the +x axis on the paper.

If DL < 0, the tick marks are made 15 plits to each side of the line.
If DL > O (but DL < abs(LENGTH)) then the ticks are made to one side
of the line only (either above, or to the right, whichever is
appropriate).

If abs(DL) > abts(LENGTH), no tick marks whatsoever are given,

&

If angle is other than a multiple of 90° and the scaling factors,
Scx and Scy, are unequal, then no simple interpretation can be

given to the quantities LENGTH and DL.

At exit from the procedure, the pen is always down, at the point

(X + abs(LENGTH) x cos(angle), Y + abs(LENGTH) x sin(angle)).
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2.5 The Procedure PLOTCURVE

This procedure is used to draw continuous curves through a set
of given points. A special third degree interpolation formula

is used.
We here give the ALGOL procedure heading

real procedure PLOTCURVE(X, Y, I); value X, Y, I;

*

real X, Y; integer I;

X and Y usually represent the co-ordinates (in dits) of one of the
points through which the curve is to pass. The gquantity I is used
to specify whether we are beginning, continuing, or ending the curve,

as follows,

I=20
The desired initial value of the slope of the curve is given
by X (in dits); the value of Y is irrelevant. This call serves to

initialize the procedure to begin the interpolation process.,

I=1
This call is used to initialize the procedure when no initial

slope is knownj; the values of X and Y are irrelevant.

I=2
This call supplies the co-ordinates of one of the points

through which the curve is to pass, in X and Y (in dits).

I=3
This call is used to terminate the current curvej; the values

of X and Y are irrelevant.

I=14

This call is used to terminate the current curve and to
specify the desired value of the final slope at the last point given.
X supplies the value of the slope (in dits) and the value of Y is

irrelevant,



NOTE 1:

NOTE 2:

NOTE 3:

NOTE k:

NOTE 5:

NOTE 6:
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The procedure is intended to be used by first giving

a call with I = 0 or 1, followed by a number (at least 3)
of calls with I = 2, followed by a call with I = 3 or k.
The pen position is not altered until the third call with
I = 2; during this call, the pen moves to the first point
given (pen up, of course!), and then draws the segment

of the curve to the second point (pen down). During
successive calls with I = 2, 3 or U4, the procedure first
moves the pen to the last point drawn on the curve (pen up),
if necessary, and then continues the curve to the point
given in the previous call. Thus, it is possible to use
other plotter procedures during the drawing of a curve
(e.g. PLOT, PLOTTEXT, etc.).

If a call with I = 2, 3 or 4 is given before a call with
I =0o0r 1, or if a call with I = 3 or 4 is given before
3 calls with I = 2 have been given, or if a call with

I1#0, 1, 2, 30or 4 is given, an error is signalled (no. 1-28).
By slope, we mean dY/dX.

After a call with I = 0 or 1 and after the first two calls
with I = 2, PLOTCURVE has the value zero and the pen
position is completely unaltered., After any other call,
PLOTCURVE has the value of the slope of the curve at the
previously given point and the pen is down at the previously

given point.

If any part of the curve falls outside the frame, an error
is signalled (no. 1=27). If the program is continued, the

curve will be drawn nevertheless,

In order to guarantee proper interpolation, the following rule
of thumb is suggested - Imagine straight lines drawn connecting
the successive, given points on the curve. Then, for best
results, the angle from each of these lines to the next

should not exceed 20 degrees, and should preferably be less.

If the curvature becomes too great, an error (no, 1-29) may

be signalled.
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2.6 The Procedure MARKEDCURVE

This procedure is identical in function to PLOTCURVE, except that,
when the parameter I = 0 or 1, the parameter Y specifies a spécial
marking symbol which is to be drawn to mark all of the given points.
For each value of abs(Y), the marking symbol specified is the same

as that for the corresponding value of abs(i) shown in PLOTTEXT.
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2.7 The Procedures FIXPLOT, ABSFIXPLOT, FLOPLOT

A1l three of these procedures may be used to draw numbers on the
paper. The three procedures differ only in the format in which

the number is drawn.
We here give a typical ALGOL procedure heading.

procedure FIXPLOT(X, Y, angle, height, italicity, first, i, n, m,
number) ;

value X, Y, first, i, n, m, number;

real X, Y, angle, height, italicity, number;

integer n, m, 1;

Boolean first;

The interpretation of X, Y, angle, height, italicity, first,and i

is the same as for PLOTTEXT. In all cases, number is the number to

be drawn; the interpretation of n and m depends on which of the

three procedures is used.

FIXPLOT
The quantity number is drawn in fixed-point representation

with n digits before the decimal point and m after. More exactly:

the sign of number (+ or -);

the integer part of number, in n digits;
a decimal point;

m digits of the fraction part of number;

a space.
If m = 0, the decimal point is suppressed.

Nonsignificant leading zeroes in the integer part are replaced by

spaces, except in the units position when m = O,

The number is correctly rounded in the last decimal place, If
abs{number) > 10 + n, then "+inf" or "-inf" will be drawn followed

by spaces, space permitting; otherwise, a shortened version,
&

"»_in"

"+in", R i or "-i" will be drawn.
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The total number of characters (including spaces) drawn is

m+n+3 if m > 1

or n+2 if m=20

The actual parameters for n and m may not be negative, and the

casen =m = 0 is forbidden.,

ABSFIXPLOT
This procedure is identical in function with FIXPLOT except

that the sign of the number is replaced by a blank space.

FLOPLOT
The gquantity number is drawn in floating-point format.
The parameter n specifies the total number of digits in the

mantissa, and m the number in the exponent. More precisely:

the procedure calculates a mantissa xi and an exponent d, such
that '

number = xi x 10 + 4,
where

.1 < abs(xi) < 1;
then, the following is drawn

the sign of xij

a decimal point;

the first n digits of xi, correctly rounded in the last place;

103

the sign of d;

the exponent d, in m (1, 2 or 3) digits, with leading zeroes replaced
by spaces;

a space,

If d > 10 4 m, then "+inf" or "-inf" is drawn (depending on the
sign of number), followed by n+m+1 spaces,

If d < ~10 ¢+ m then a + or - sign is drawn (depending on the sign
of number), followed by a decimal point, followed by n zeroes,

followed by m+3 spaces.
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n+m+5 characters are always drawn by the procedure, except in the
case n = O when the decimal point is omitted, and m+l characters

are drawn,

The actual parameters for n and m must satisfy n > O and

m=1, 2 or 3.
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2.8 The Procedure SCALE

When plotting a graph, it is usual to divide the axes into a
number of intervals of equal length, such that each division

point represents some "nice number" of data units. If the minimum
and maximum data values are known beforehand, it is usually a
fairly simple matter to perform this subdivision manually; if,
however, no a priori bounds are known, then some machine algorithm
is required. SCALE is such an algorithm. Specifically, SCALE
examines the data to be plotted, and produces as output a number
of quantities which may be used as input parameters to

PLOTFRAME, PLOTAXIS, etc.

Clearly, we must have a precise idea of what we mean by a
"nice number". Hence, suppose we have a set of so-called "basic
round numbers" T J =1, 2, see, m, satisfying

1<r, < T < ees ST < 10 and not necessarily all integeré. Then,

we will call any number Dij = rj'10k, for all integers k, a "round
number”. Thus, if we have the set (1, 1.25, 2, 2.5, 4;°5, 8) of
basic round numbers (this is, in fact, the set which is used in
the procedure),then the following are examples of réund numbers

in our sense:
0.1, 1, 10, 12.5, 20, 25, .25, 40, 5, 50, 80, etc.

Finally, by a "nice number", we shall mean any integer multiple
3

of a round number,

We now define an optimal subdivision of an axis by the following

four requirements:

(R1) The difference between consecutive division points must
be a round number;

(R2) Each division point must be a nice number;

(R3) The data must fit into the allotted space; and,

(R4) Subject to the above three requirements, the data must

occupy as much as possible of the allotted space.
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The procedure SCALE operates on only one axis at a time. The
programmer must supply, for example, the value of the x~-co-ordinate
of each data point to be plotted. SCALE then searches through these
data to determine the maximum and minimum values present, and,
applying the four requirements above, calculates parameters which
determine an optimum subdivision of the relevant axis. If the
minimum and maximum are already known from the previous calculation,
then it is possible to provide only these two values as data to the

proceduie.
The heading of the procedure follows:

integer procedure SCALE(Ti, i, n, nint, mode, MIN, MAX, DL);

value n, nint, mode;
integer i, n, nint, mode;
real Ti, MIN, MAX, DL;

The parameters have the following interpretations:

Ti is a real expression, called by name, and depending, in
general, on i (Jensen device). It is used to give the
successive values of one of the co-ordinates of the data
to be plotted, Ordinarily, Ti will simply be a subscripted

variable;

i is a running variable, called by name, which assumes

successively all integer values from 1 to n, inclusive.
n is the number of co-ordinate values to be scaled.

nint is the number of subintervals into which it is desired
to divide the total interval. The precise interpretation

of nint depends on the following parameter, viz. mode,

mode may assume the values 0, 1, or 2, with the following meaning:
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[
o

mode the interval is subdivided into precisely nint

subintervals;

it
b

mode the interval is subdivided into nint or fewer
subintervals., This freedom is used to further
maximize the proportion of the available space
which is actually used. The actual number of

subintervals is between .625 X nint and nint.

[}
N

mode the interval is divided into approximately nint

subintervals (between .625 x nint and 1.6 x nint).
This freedom is used to maximize the proportion

of the available space which is actually used.

MIN is an output parameter giving the value of the first
division point on the axis (i.e., the point with the

smallest algebraic value);

MAX is an output parameter giving the value of the last division
point on the axis (i.e., the point with the greatest
algebraic value);

both MIN and MAX are nice numbers as defined above;

DL is an output parameter giving the difference in data units
between any two successive division points; it is a round

number as defined above,

The value of SCALE after a call is the number of subintervals

actually used.

"NOTE 1: If the minimum and maximum values on the axis are already
known (from a previous calculation, perhaps) then only
these values need be given to the procedure,'instead of the
entire set of data. This can be accomplished by using an

expression of the following form for Ti:

if i = 1 then minimum else maximum

with n = 2,
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NOTE 2: The boundaries given in the description of mode, for the
actual number of subintervals used, are dependent upon
the set of basic round numbers which are used. If the
user replaces the given set (1, 1.25, 2, 2.5, 4, 5, 8)

by another, these boundaries may well be altered.

NOTE 3: We now consider the question of what value of mode should
be chosen in various circumstances. Apparently, there are
two conflicting requirements which the programmer may
wish to satisfy. The first of these is that he may require
that the physical distance between successive division
points be some fixed length (e.g. 1 or 2 em, 1 inch, etc.),
in order to facilitate interpolation using a ruler (with
divisions of 1 em, 1 inch, etc.). Opposed to this
requirement, may be a desire to cover as much as possible
of the plotting surface with the material which is to be
plotted - that is, one wishes to avoid long regions at the

beginning and end of the grid in which nothing is plotted.

For the following, let us refer to the total physical
length of the axis as pl, and the physical length of each
subinterval as dpl. Consider now the following situations:
(a) If precisely the given values of pl and dpl must be
used, call SCALE with mode = O, and nint = pl/dpl;

(b) If an upper bound for pl is given, but an exact value
for dpl is required, call SCALE with mode = 1, and
nint = pl/dpl;

(¢) If an approximate value of pl is given, but an exact
value for dpl is required, call SCALE with mode = 2,
and nint = pl/dpl;

(d) If a precise value of pl is required, and it is desired
to divide the axis into approximately some given number,
nint, of subintervals, call SCALE with mode = 2, and the

given, approximate, value of nint.
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After the call(s) of SCALE, it will presumably be
desired to call PLOTFRAME. The correct physical length
to be used here (i.e. xmax or ymax) is calculated by
multiplying the actual number of intervals (i.e. the
value of SCALE) by dpl (in situation (a) above, this

is the same as pl).

NOTE 4: The value of the parameter nint must be at least two.
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2.9 The Procedure PLOTAXIS2

This procedure may be used to draw co-ordinate axes, complete
with tick marks, and with numbers indicating the values corres-
ponding to the tick marks. We here give the ALGOL procedure
heading:

real procedure PLOTAXIS2 (MIN, MAX,'DL, horizontal, OTHER);
value MIN, MAX, DL, horizontal, OTHER;
real MIN, MAX, DL, OTHER;

Boolean horizontal;

The procedure draws a line from (MIN, OTHER) to (MAX, OTHER)

if horizontal = true and from (OTHER, MIN) to (OTHER, MAX) if
ﬂorizontal = false. Tick marks of length 15 plits are drawn at

an interval of DL from MIN to MAX, either above or to the right

of the line, as the case may be, Following this, the values
corresponding to the tick marks are drawn below the line or to

the left of it. If possible (that is, if the numbers are sufficient-
ly small with respect to the physical distance between tick narks),
then the numbers are centred by each tick mark; if this is not
possible, then the procedure skips over a few tick marks between
numbers, and the tick mark corresponding to each number drawn is
lengthened to 25 plits, Under certain circumstances, the procedure

calculates, and draws, a power of ten, by which the figures drawn

must be multiplied to obtain the actual values.

MIN, MAX, DL and OTHER are always given in data units. It is
strongly recommended that MIN, MAX and DL be obtained as output

from the procedure SCALE, or at least satisfy similar requirements.
In particular, MAX - MIN must be an integer multiple of DL

(except, possibly, for small rounding errors).
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NOTE 1: If the number of digits to be plotted for any number
along the axis is more than seven, then the plotting
of all numbers along the axis will be suppressed. In
practice, this will seldom prove to be a great restriction;

for instance, the number
.00000000000123

has only 3 digits in our sense - it will be drawn as 1.23,
and a power of ten = -12 will also be drawn along the axis;

the number
1230000000000

also has only 3 digits - it will be drawn as 1.23, with

a power of ten = +12; however, the numbers
12345678,  1234.5678, .12345678, etc.,

contain 8 digits, and cause all numbers along the axis
to be suppressed,

This suppression is controlled by the statement
precision: = T;

In general the value of precision should be the smaller of

the following two implementation dependent quantities:

(a) The number of decimal digits in the integer capacity,

(p) two less than the number of decimal digits in the real
number representation (two less in order to provide

a few guarding digits).

NOTE 2: All digits drawn are 28 plits high. If some other height
should be desired, this can be accomplished by altering
the statement

h: = b4

near the beginning of the procedure. The value of h is one

seventh of the desired height,
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NOTE 3: PLOTAXIS2 delivers as its value a co-ordinate which may
be used for drawing a text beside the axis. If horizontal
= true, this is a Y value; otherwise, an X value. This
co-ordinate guarantees a reasonable clearance between the
text and the numbering of the axis, if a height of 28 plits
is used for the text. In the case that the numbering is
suppressed (NOTE 1), PLOTAXIS2 has the value of the
parameter OTHER.

NOTE b: It is important to remember, while calling PLOTFRAME, that
it is necessary to leave a border all around the graph,
in order to have room for the numbering, power of ten,
and, possibly, the text. This border must have at least

the following dimensions:

left (-x) 336 plits
right (+x) 132 plits
above (+y) 14 plits
below (-y) 100 plits

See the description of PLOTFRAME for a discussion of the
method by which these borders may be obtained.
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2,10 The Procedure PLOTPICTURE

This procedure may be used to plot complete graphs, including
annotated axes. The user is not required to call (or even be

aware of the existence of) any other plotter procedures.

The user is required to provide a set of points which are to

be plotted (i.e. usually through which a curve is to be drawn),
along with some information about the lengths and divisioning of the
axes, From this information, PLOTPICTURE can perform the necessary
scaling operations, draw X- and Y-axes complete with tick marks

and numbering, and draw a curve through the given points. The

given points may be marked with special marking symbols, and a

text may be drawn by the axes to indicate their significance,

It is possible to draw an arbitrary number of curves (each marked
with a unique symbol) with each axis pair. It is also possible
to obtain an arbitrary number of Y-axes corresponding to a single
X-axis. A system of axes and curves is here called a "picture",

whence the name of the procedure.
We now give the ALGOL procedure heading:

procedure PLOTPICTURE (xi, Yi, i, n, mark, deltamark, mode,
XMIN, XMAX, DX, xmax, xstring,
YMIN, YMAX, DY, ymax, ystring);
value n, mark, deltamark, mode, XMIN, XMAX, DX, xmax, YMIN,
YMAX, DY, ymax;
real Xi, Yi, XMIN, XMAX, DX, YMIN, YMAX, DY;
integer i, n, mark, deltamark, mode, xmax, ymax;

string xstring, ystring;

The parameters have the following interpretations:

Xi and Yi are real expressions, called by name, depending, in general,
on i (Jensen device). They give the X and Y co-ordinates,
respectively of the ifth point which is to be plotted.
Ordinarily, Xi and Yi will. simply be subscripted varisbles

(array elements);
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is a running variable, called by name, which assumes,
successively, all integer values between 1 and n,

inclusiveg
is the number of points to be plotted;

specifies which one of nine special marking symbols,
if any, is to be drawn to mark the points (Xi, Yi),

according to the following table:

abs(mark) = 0,1 no symbol is drawn
2 +
3 X
4 P
5 K
6 Y
T X
8 X
9 n
10 »

if deltamark > O, a curve is drawn passing through
all n of the points (Xi, Yi) in succession: If delta-

mark < 0, the drawing of the curve is suppressed,

Furthermore, if deltamark # 0, then every abs(delta-
mark) 'th point, beginning with the first (i = 1), is
marked with the symbol specified by the parameter mark;
the intermediste points are evaluated, but not marked,
If deltamark = O, no marking at all takes place, but the
curve is drawn. For example, if abs(deltamark) = 1, all
points are marked; if abs(deltamark) = 2, every other
point is marked; if abs(deltamark) = n-1, then only the
first and last point are marked; if abs(deltamark) > n,

then only the first point is marked.
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mode may be thought of as actually composed of four

parameters: kg, kd, kx and ky, thus
mode = 1000 x kg + 100 x kd + 10 x kx + ky.

That is, the four parameters are each one decimal
digit long, and mode is obtained by writing these

digits in order beside one another.

kg may have the values 0, 1, or 2. kg = 0 or 1
indicates that an entire, new "picture", complete

with annotated axes is to be drawn; kg = 2 indicates
that the new data is to be plotted in the old "picture",
possibly with a new Y-axis, If kg = 1, then a
rectangular grid is drawn over the plotting surface

to the right of the Y-axis, and above the X-axis. The
grid lines may be thought of as simply extensions to
the tick marks which are normally placed by the. axes
(see later discussion). If kg = O, then only the two
grid lines on the border are drawn, complete with tick
marks, thereby framing the picture in. If kg = 2, no

grid lines at all are drawn.

kd may have the values 0, 1, 2, or 3. It specifies
whether or not the programmer has provided begin

and/or end slopes of the curve to be drawn.

kd = 0 indicates that no derivatives are given;

kd = 1 indicates that the initial derivative is given;

kd = 2 indicates that the final derivative is given;

kd = 3 indicates that both derivatives are given,

If the initial slope is given, PLOTPICTURE will call

for it by setting the parameter i to zero, and evaluating
the expression Xi, Similarly, the end slope is called for
by setting i to zero and evaluating the expression Yi.

Thus, a typical expression for Xi might be

- if 1 = 0 then beginslope else X[ﬂ].
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kx and ky are used to specify one of eight possible scalings for,
respectively, the X- or Y-axis. They exercise influence upon

the interpretation of all of the remaining parameters. Since the
possibilities for the two axes are practically identical, we
describe here the situation with respect to the Y-axis; the X-axis
is handled similarly, except for one point which will be discussed

later,

For ky = 0, 1, or 2, the values of the parameters YMIN and YMAX
are completely ignored. The procedure evaluates the expression
Yi for all values of i between 1 and n, and determines the
minimum and maximum values which occur. This minimum and maximum
are used for the further determination of an optimal scale,

in a manner depending on the particular value of ky.

The programmer is given the option of avoiding the above (possibly
slow) evaluations of Yi, if he already knows the minimum and maximum
values assumed by Yi. This is accomplished by using

ky = 3, 4, or 5, and by giving the known minimum and maximum

values in YMIN and YMAX, respectively.

For 0 < ky < 5, the value of DY specifies the desired physical

distance (in units of one tenth of a millimeter (plits)), between

tick marks on the Y-axis; ymax specifies the desired physical
length of the entire Y-axis, in the same units; ymax must be an

integer multiple of DY.

If ky = O or 3, then the Y-axis drawn has precisely the measurements

specified by DY and ymax.

If ky = 1 or 4, then the distance between tick marks on the Y-axis
will be precisely that specified by DY. However, the total physical
length of the Y-axis will be chosen, between 0,625 x ymax and ymax,

in such a manner that the axis be as "full" as possible.

By as "full" as possible, we mean that the data to be plotted
extend from a position as near as possible to the bottom (left end)
of the graph to a position as near as possible to the top (right
end) of the graph; that is, the unused space is kept as small

as possible,
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If ky = 2 or 5, then the total physical length of the Y-axis
is precisely that specified by ymax. The distance between tick
marks is chosen between 625 x DY and 1.6 x DY in such a

manner that the axis be as "full" as possible.

For the previous values of ky (0 < ky < 5), the procedure
calculates a "nice number", less than or equal to the minimum
value of Yi (either given or calculated), by the first (lowest)
tick mark on the axis. Similarly, a "nice number" is chosen for
the last (highest) tick mark (for a precise definition of

"nice number", see the description of the procedure SCALE).

However, if the programmer himself wishes to specify precisely
the beginning and ending point of the axis, he may do so by
choosing ky = 6. Then the axis will be drawn with a physical
length of precisely ymax, and the tick marks will be drawn at
YMIN, YMIN + DY, YMIN + 2 x DY, ..., YMAX - DY, YMAX. The value
of YMAX - YMIN must be an integer multiple of DY, except for

possible small rounding errors.

For all of the above values of ky (0 < ky < 6), a new Y-axis,
complete with numbering, is drawn to the left of the previous one.

Also, the text specified by ystring is drawn by the axis,

If ky = 7 and kg = 2 (old picture), then the values of all the
parameters YMIN, YMAX, DY, ymax, and ystring are completely
ignored, and no new Y-axis is drawn. That is, the last-~defined
Y-axis is to be used for the plotting of the current set of data.
If Xy = T, and kg = 0 or 1 (new picture), then a new Y~axis is
drawn (the first one of the new picture), having the same length,
subdivisioning, numbering, etc., as the immediately previous
Y-axis (i.e. the last Y-axis of the previous picture), but with

the current text specified by ystring.
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The handling of the X-axis, and the parameters XMIN, XMAX, DX,
xmax and xstring is, as previously mentioned, analogous with
that of the Y-axis and the parameters YMIN, YMAX, DY, ymax and
ystring. The one difference is that no provision is made for
multiple X-axes in one picture. This is realized by the
following rule: if kg = 2 (old picture), then the actual value
of kx is ignored; the procedure carries on as though kx = 7

had been specified,

NOTE 1: The strings xstring and ystring may contain any valid
ALGOL basic symbols., However, the following result in
a blank (space): goto, if, then, else, for, do, step,

until, while, comment, value, true, false, tab, and

carriage return. Furthermore,

begin gives
end

own

Boolean

integer

real

array
switch
procedure
string

label "

"

"

1"

i

n

A COEIXNNMN <X XX+

NOTE 2: The parameter ymax < 2500; that is, the Y=-axis may be no

more than 25 cm long.

NOTE 3: Sufficient room is reserved to the left of each new picture

to guarantee accomodation for at least ten Y-axes,

NOTE L4: If deltamark > O, it is required that n > 3.
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NOTE 5: The following table may be found useful in the

construction of the parameter mode.

kg

kd

ky

0
1

o]

w N = O

new picture, without grid
new picture, with grid

old picture (without grid)

no derivatives given
initial derivative given
final derivative given

initial and final derivatives both given

YMIN, YMAX irrelevant; DY exact physical
length of intervals; ymax exact physical
length of axis

YMIN, YMAX irrelevant; DY exact physical
length of intervals; ymax upper bound to
physical length of axis

YMIN, YMAX irrelevant; DY approximate physical
length of intervals; ymax exact physical
length of axis

YMIN, YMAX given; DY exact physical length
of intervals; ymax exact physical length of
axis

YMIN, YMAX given; DY exact physical length
of intervalsj; ymax upper bound to physical
length of axis

YMIN, YMAX given; DY approximate physical
length of intervals; ymax exact physical

length of axis

from YMIN, in steps of DY to YMAX; ymax exact
physical length of axis

same as previous Y-axis
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NOTE 6: We now give the order in which the expressions Xi

NOTE T:

NOTE 8:

() Xi, Yi, i =1, 2, ses, n = i,e. X

and Yi are evaluated:

(a) if 0 < kx

1A

(b) if 0 < ky < 2, then Yi, i =1, 2, ¢us, 13

(c) if kd = 1 or 3, then Xi, i = 0 = i.,e. the

initial slope;

Yy, X5 ¥

1, 2,-0.

coss X oY 3
(e) if kd = 2 or 3, then Yi, 1 = 0 - i,e, the final

slope.

In order to guarantee proper interpolation of the curve

between the given points (deltamark > 0), the following

rule of thumb is suggested - Imagine straight lines
connecting the successive, given points on the curve,
Then, for best results, the angle from each of these
lines to the next should not exceed 20 degrees, and

should preferably be less.,

The complete picture, including numbering and text,
has the following maximum dimensions:
(a) height: physical length of Y-axis (i.e. ymax)

+ 114 tenths of a mm.

(b) width: physical length of X-axis (i.e., xmax)

+ 132 + (no. of Y-axes) x 336 tenths of a mm,

2,and kg # 2, then Xi, i = 1, 2, ese, N}
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3. Theory of the ALGOL Procedures

3.1 Introduction

In the following ALGOL texts, we make use of the following

typing conventions

: represents ALGOL 60

% " n 1"
* " " "

Furthermore, where the ALGOL concept own is employed, the so-

“» "0].

called "static interpretation" (2] is intended.

The procedure STOP is common to several of the procedures.
Its purpose is %o signal error conditions which arise during
the execution of the procedures, and then (possibly) return
to the calling procedure. It accepts a single parameter,

specified as type string, which indicates the nature of the error.

Tt is assumed that the following declaration appears in some
block enclosing that in which the plotter procedures are

declared:

Boolean statel, state2, statel, stated, statel6,

state32, statebl, firstentrance;

and that the following statement has been executed before the

first call of any of the plotter procedures:
firstentrance: = true;

This is used to monitor whether or not certain important

variables have as yet had values assigned to them.

Note that users of the machine code procedures for the
Electrologica X1 are not required to provide the above-mentioned

declarations,

&
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3.2 The Straight-line Approximation in PLOT

The procedure first convert$ (if necessary) the given points
to plotter units. Then the total movement dx in the x-direction,

and dy in the y-direction are calculated.

It is clear that every straight line which is not parallel to
one of the basic plotting directions will nevertheless lie
between a true x- or y-direction and one of the diagonals,
Thus, we can approximate any arbitrary straight line by a
suitable sequence of only two of the basic pen movements -

a true x- or y-movement, and one of the diagonal movements,

Accordingly, we adopt the strategy of transforming the given
straight line into the first octant, and simultaneously deter-
mining the two basic plotter motions involved. The determinition
of the plotter motions is somewhat machine dependent (that is,
it depends on the specific numerical codes corresponding tO the

several directions), and is not further discussed here,

The transformation to the first octant proceeds as follows:

we first transform to the first quadrant by replacing dx and dy
by their absolute values; then, if dy > dx, we interchange

the values of dx and dy with one another, thereby arriving in the
first octant. Note once again that, during these transformation
steps, some here unspecified process must determine the codes

for the two relevant plotter motions,

Now, at the i'th step forward in the x~direction (i.e. at x = i),

the value of y is clearly

y; =i xS, 3.2.1

vhereas the y-co-ordinate of the actual pen position has some
value y:. That is, the pen position deviates from the correct

position by
>

devi =V, -V e 3.2,2
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Then, when we advance to the next value of x (= i + 1),

the value of y is

=(i+1)xgz=y_+g'l

yi+1 ax i ax ° 3.2.3
and the y-co-ordinate of the actual pen position is
> - L3 + h
yi+1 - yi g’ ’ 3020
where g is either O or 1 (i.e. a step along the true direction
or the diagonal, respectively). This gives rise to a new
deviation
d _ >
SVie1 T Vi1 T Yie
dy *
= o - . -
Vi dx 1 &
= ay
= dev, + - g. 3.2.5

Now we must make this deviation as small as possible in absolute
value by choosing g appropriately. Since there are orly two
possibilities, this is rather simple; we choose the true

direction (g = 0) if

‘de"i*% <

dy _
dev, + =% 1 1. 3.2.6

Squaring both sides, we may remove the absolute value signs;

thus, we choose the true direction if
dy (2 dy2 d
A T AL o+ 2L .
(devl : )T < (dev1 + =) 2(devl + dx) + 13 3.2.7
i.,ee, 1if

dz
v. +
de 3 <

l 302.8

o=
[}
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Clearly, we choose the diagonal direction if the inequality
in (3.2.8) is reversed. The question still remains as to
which choice should be made in the case that both sides of
(3.2.8) are equal, and this is not such a trivial matter

as one might think., The difficulty arises if one wishes to
retrace a section of straight line, but in the opposite
direction, rather than to raise and lower the pen (at a total
cost of at least 200 ms - equivalent in time to 60 ordinary

steps).

Suppose that we choose the true direction if (3.2.8) is
satisfied, and otherwise the diagonal direction (i.e. if
devi + dy/dx > 1/2). Then, consider the following situation,
where the line to be approximated passes exactly through G,

the centre-point of BE.

D E

o
A B C

If the pen begins at A, this choice will lead to a diagonal
step to E, since equality holds, followed by a horizontal
step to F, However, if the pen begins at F, (i.e. retracing
the line in the opposite direction), a diagonal step is again
taken, to B, followed by a horizontal step to A. Thus, the
pen does not follow precisely the same path during the
retrace as during the trace, and this may give rise to thick
spots, or even open boxes in the line. This is not usually
serious with a step length of .1 mm and a pen .4 mm thick,
but with a step length of .01 inch and a finer pen, the

result may be annoying.
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Fortunately, the solution is very simple; when going from
left to right, for instance, we use (3.2.8) as it stands,
but when going frcm right to left, we replace the < by <

as the criterion for moving in the true direction. The
direction (left to right or right to left) can be determined
once and for all by examining the sign of dx before the

transformation to the first octant.

In order to avoid working with floating-point numbers, we
multiply the egquations (3.2.5) and (3.2.8) by 2 x dx,

obtaining

2 x dx x devi =2 x dx x devi + 2 x dy - 2 x g x dx, 3.2.5a

+1
and

2 x dx x dev, + 2 x dy < dx (or <). 3.2,.8a

Thus, the final algorithm is as follows:

(a) Calculate dx and dy;

(b) Store the sign of dx;

(¢) Replace dx by |ax| and dy by |dy]|;

(d) If dy > dx then interchange dy and dx;

(e) During (c) and (d) determine the codes for the
true and the diagoﬁal direction;

(f) Calculate dx2: = 2 x dx and dy2: = 2 x dy;

(g) Set dev: = 03

(h) Replace dev by dev + dy2;

(i) If dev < dx (or < depending on original sign of dx)
then perform a step in the true direction;
and otherwise, a step in the diagonal direction followed
by the subtraction of dx2 from dev;

(j) Repeat (h) and (i) dx times.,
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3.3 Some Notes Concerning PLOTTEXT

We consider here the question of the manner in which the

various characters drawn by PLOTTEXT are described and how

these descriptions are stored in a computer. For this purpose, we
think in terms of a rectangle of size 7 by 4 plotter units.,

This rectangle may be subjected to later transformations (such

as magnification, translation, etc.), but for our present

purposes, we think only of & rectangle.

The rectangle is subdivided into squares of one plotter unit

on each side, and the nodes of this grid have Cartesian
co-ordinates associated with them in an obvious manner. Thus,

the lower left-hand corner of the rectangle has co-ordinates (0,0),

and the upper right-hand corner is (4,7).

Each character is described by a sequence of co-ordinate pairs
in the rectangle., At the beginning of the character, the plotter
moves (with pen up) to the point given by the first pair, and
lowers the pen. Then, the pen is moved in a straight line to the
point given by the following pair, and so on, until the entire

character has been drawn.

Note that the values 5, 6, and 7 for the first co-ordinate

of a co-ordinate pair do not specify points in the rectangle,
but are used for the following special purpoSes, If the first
co-ordinate is 5 or 6, this means that the entire rectangle is
to be thought of as being shifted,up(6) or down (5) by the
number of squares given by the second co-ordinate, If the

first co-ordinate is 7 the pen is raised, and is moved to the
position given by the next pair before being lowered again (the

second co-ordinate is irrelevant if the first one is 7).
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As an example, we give the description of the semicolon:

(5,2)  (1,0)  (3,2) (3,4) (1,4) (1,2) (2,2)
(1,0)  (7,0) (1,5)  (1,7)  (3,7) (3,5) (1,5)

The ALGOL 60 procedure assumes the following declaration,
global to PLOTTEXT:

integer array CX, CY[0:552], N, ENTRANCE[0:122];

The arrays CX and CY contain, respectively, the first and second
co-ordinates of all the pairs required to describe all of the
characters which can be drawn by the procedure. The integer
representation of each string symbol (delivered by STRINGSYMBOL)
is used to select a unique element from each of the arrays N and
ENTRANCE. The element from N specifies the number of co-ordinate
pairs which correspond to the given string symbol,and the element
from ENTRANCE is the index of CX and CY in which the first pair

can be found.
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In machine code, of course, these arrays are actually an
inherent part of the procedure, and are, furthermore, carefully

packed to occupy the minimum of storage possible.

As an economy measure, certain of the characters have been
described in common., For example, the characters comma and
semicolon have the same ENTRANCE value, but a different N value

(for comma, N = 8; for semicolon, N = 1k),

In fables 1 and 2 we give the complete contents of the arrays

described above,

Table 1 describes the contents of CX and CY. Any material which
appears between apostrophes does not form a part of the array,

but is included for clarification only. The string symbol which

is being described (or its corresponding value of abs(i) in
parentheses, where relevant)is given at the left. The co-ordinate
pairs for this character follow immediately and continue until

the end of the sequence, unless there appears the characterA,
followed by another character, enclosed in apostrophes, indicating
that the sequence is terminated for the character following theA.
The character V indicates that the description of the character

following the VY begins with the following co-ordinate pair.

Table 2 describes the contents of N and ENTRANCE, The first
column gives the I value, and the second the ENTRANCE of the
character given in the third column. In the fourth column,

the integer representation of the character in X1 ALGOL is given.
For the character corresponding to 2 < abs(i) < 12 the values of

abs(i) are given in an additional column.,

Table 3 shows all the characters that can be drawn by PLOTTEXT,
in boxes 14 by 24,5 mm (i.e., the distance between grid points

is 3.5 mm).
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Ane ke p36
3.4 Theory of PLOTCURVE

Introduction

The problem we wish to solve is the following: Given an

ordered set of points (xi, yi) in the plane, to pass a "smooth"
curve through these points successively; the problem is not one
of interpolation in the usual sense, since we wish to admit the

possibility that the curve may loop around arbitrarily.

Anticipating the fact that we shall have to be able to evaluate
the interpolating curve once for each plotter step (i.e., about
once every 3 1/3 ms) we are practically forced to restrict the
candidates for this interpolating function to low=-order poly~
nomials, in order to achieve a decent speed on a medium-speed

(or even high-speed) computer.,

We will require at least the following two properties of the
curve: (a) the curve must indeed pass through the given points,
and in the given order; (b) the slope of the curve must be

everywhere continuous, including, in particular, the given points.

The simplest polynomial that we can consider is the quadratic

passing through the points (xi, yi) and (x with the

s410 Yiap)
same slope at (xi, yi) as the quadratic in the previous

interval from (xi_19 yi_1) to (xi, yi). The two conditions of
passing through the two po ats, along with the condition on the
derivative uniquely determine the three coefficients of the
quadratic. The objection to this scheme, however, is that if

there is a discrepancy £ between the calculated derivative at X
and the "real" derivative, this discrepancy is propagated, with

a change of signj; that is, errors are not damped out. The following

diagram illustrates the sort of thing that can happen.
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i+1

Thus, we require a scheme in which the curve between the

points (xi, yi) and (x ) does not depend in any way

i+1? Yin
on too many of the past and future points. In the scheme
which we have adopted, the points (Xi—1’ yi_1), (xi, yi),
(xi+1, yi+1), and (xi+2, yi+2) are used to determine tpe

)e

curve (a cubic polynomial) between (xi, yi) and (xi+1, Y541

In this way, propagation of errors is completely avoided.

The Interpolating Process

We first transform all the points to plotter units; that is,
the interpolation is done in the plotter space, not the data
space. Further, at the time we are considering the segment

of curve from (xi, yi) to (x. ), we perform a trans-

i1 Yi+
lation of axes so that (xi, yi) = (0,0)., Also, for compactness,

we relabel (xi+k’ yi+k) as (xk, yk).



LT

Now, we seek the coefficients of the polynomial

£(x) = ax3 + bx2 +cx + 4 34,1

such that f(xo) = Yo f(X1) =Y

1 = ? f = 1
f (xo) ¥y, and f (x1) ¥)s 3.k,2
where yé and y; are the desired values of the slope at X,
and X, (we discuss the choice of these slopes later).
A short computation yields
Yo * ¥y =2/
a = x2
1
3
Yy - 83 - Yo X
b =
x 3.1".3
1
=
c =Yy,
d = 0.

We must calculate values for the slopes yé and y; in such a
way that they depend upon only a small number of surrounding
points, If Y4 is not an end point of the curve, the value we
choose for y; is the slope of the unique circle passing through
(xo, yo), (x1, y1) and (xe, y2). This choice has the advantage

of being symmetric, and independent of the system of axes.

Let us consider the circle

f(x,y) = x2 + y2 + Ax + By + C = 0, 3.h4,h
passing through the three points. We thus have

£(0,0) = £lx,, y,) = f(x,, ¥,) = 0. 3.k4.5
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From the first of these, C = 0,

From the remaining two

X2 + y2 + Ax, + By, =0, 3.4.6
1 1 1 1
2. 2 _
Xyt ¥y, t Ax2 + By2 =0, 34,7
and hence,
2 2
_xgxa(xy = xy) Xy - xpy)
B_ X - X E) 30)“’-8
21 T X2
A = —(x? + y? + By1)/x1. 3.4,9
Now, we have
fx,y) = x4 y2 + Ax + By = 0,
Hence, by differentiation,
4ar d d,
H=2X+2ygxl+A+B-a§:O’
and thus
Gy _ _(ex +A)
Ix By + 5 3.4.10

gives the slope of the circle through the three points at an

arbitrary point (x,y) on the circle,

Thus, after some computation, we have

' 2
) y1(y2(y2 - yj) + x2(x2 - 2x1)) + X7, (5 . 11)
2 (2 2

a
=
T X x vy, (y, = 27,) + x (x, - x)) + x.y
1 IRFARE 1 oV to 1 oY1
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As value for yé, we use the value calculated for y; one step
previous, thus ensuring continuity of slope, as required.

When we first begin, however, we have no previous value of

y; to use as our yé. Hence, we give the user the option of
specifying the initial slope value if he knows it. If he does
not, then we simply use the slope of the circle through the
first three points, at the first of these. Thus, from (3.4.10),
we use

sy | mEaD el e

. 3.h.12
2 2 - 2 2

Similarly, when we come to calculate the curve between the
last two points, we give the user the option of specifying
the final slope. If he elects not to specify this, then we

use the slope of the circle through the last three points,

at the last point. For programming reasons, it turns out that
at this time we have only the values of the last two points

as (xo, yo) and (x1, y1), but we also have the slope y| of the

circle at (xo, yo). Thus, we must construct y{ from these data.

From (3.4.10), we have, at (xo, yo)

d; A
A =_4&
Yo T i B ° 3.h.13
0
and thus,
A= - By(') . 3.h. 1L

Substituting (3.4.1%) into (3.4.6), we have

2 2 , _ ‘

and hence,2 5 2 5
Xty yolxy +vy)
B = N A= o 3.4.16
| B 1
X1Yo = ¥y X150 ~ ¥4
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Hence, substituting (3.4.16) into (3.4.10),

g (2x1 + A)
f = =
Y4 dx % (2y1 + B)
1
2 2
' -
2X4¥q * volyy - %)

= v (y2 - x2) . 3.k 17
Y170 1 1

This completes the definition of the interpolating curve except
for one very important point - we have said that we shall have
no objection to multivalued curves, and yet, we are using
polynomials for interpolation and these are certainly single-
valued. We get around this difficulty by the simple device of
allowing either x or y to be the independent variable; in fact,
we decide anew for each section of curve between two successive

points, whether x or y is to be independent in that section,

To describe how this choice is made, we begin a brief deséription

of the ALGOL procedure itself,

Within the procedure are declared the own variables x1, x2, y1,
y2 and the non-own's x0 and yO, which contain the three points
of current interest, scaled to plotter units. At each normal
entry to the procedure, the point (x1, y1) is pushed down onto
(x0, y0), (x2, y2) is pushed onto (x1, y1), and the scaled
co-ordinates of the new point which has just been given, are
assigned to (x2, y2). Furthermore, the own ylp (representing y;)

is pushed down onto yOp (representing yé).

We then begin the translation of the given points relative to

(x0, yO). This is performed by creating the new quantities

xs1, ysi1, xs2 and ys2 (xsO and ysO do not exist ,being identically
zero), corresponding to the quantities Xis Yqs X35 Vo respectively,
in equations (3.4.3), (3.4.11), (3.4.12) and (3.4.17). At the

same time, we make a further transformation, so that xsl1 and xs2
are values of the independent variable actually chosen, and ys1 and
§s2 are valués of the corresponding dependent variable; that is,

L

for instance,
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xs1 = x1 = x0
if x is the current independent variable, and
xs1 =yl =« y0

otherwise. In more detail, we make use of the own Boolean xisx
with the interpretation that xisx = true if x is the current
independent variable, and xisx = false otherwise. Initially,
xisx Z true., When we come to calculate the scaled co-ordinates
xs1, ys1, xs2, ys2, we first assume the choice of independent
variable used in the previous step, thereby calculate the
scaled quantities, and the derivate ylp (note that yOp and yip
are always the derivates with respect to the current independent

variable).

Clearly, if we had used the other choice of independent variable,
we would have the slopes 1/yOp, 1/y1p in place of yOp and ylp.
Then, if

max(|y0p|, |y1p|) < max(|1/yop|, |1/y1p|),

we accept the previous choice of independent variable as the
current one; otherwise, we switch over, and recalculate the
quantities xs1, etc., relative to the new independent variable,
More intuitively, we may say that we choose the independent
variable to minimize the greatest slope of the gurve in the

current segment.

When this decision has been completed, we continue on to the
calculation of the polynomial coefficients themselves. In this
connection,there is one subtle point to be discussed, Clearly,
when we convert the given points from data units, the result

will not, in general, be an integral number of plotter units.

“BIBLIOTHEEK ~ MATHEMATISCH CENTRUM
AMSTERDAM
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Hence, we use the integer quantities xs1i and ys1i instead

of xs1 and xs2 in the equations (3.4,3), in order to obtain

a polynomial which passes precisely (aside from round-off

error) through the grid-points nearest to the given points.

This trick prevents possible discontinuities of one plotter
step which otherwise would sometimes occur at the given points.
However, for maximum accuracy (especially when the given

points are fairly close together), we use the quantities xs1,
ys1, xs2, ys2 in the equations (3.4.11), (3.4,12), and (3.4.17),
which determine only the slope of the curve st the given points.

Following the Interpolation Polynomial with the Plotter

Having now defined mathematically the curve which we wish to
draw, we turn our attention to the problem of following this
curve with the (eight) basic motions made available to us by
the plotter.

In the sequel, it will be important to remember that the
quantities x, y, f, xs1i are relative to the current independent

variable, chosen as described in the previous section, -

We define the quantities x, y and f as follows:

x is the abscissa of the position of the pen; y is the
corresponding ordinate; and f is the value of the polynomial
at x. These three guantities are all set to zero at the beginning

of the current section of curve (i.e. between two given points).

The quantity incrx is set to +1 or -1 according as we need to
increase or decrease x to arrive at the desired endpoint of the

current section (thus, incrx = sign(xs1i)).

In order to proceed from the current abscissa to the next
following, we add incrx to x, and calculate the new value of f.
We then calculate dif = f - y and absdif = abs(dif). Now we are
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ready to determine the proper plotter action as follows:

if absdif is less than one half plotter unit, the step is in

a purely horizontal direction; if between & half and one and

a half,the step is diagonal and is accompanied by an appropriate
up-dating of y; if greater than one and a half, the step is
vertical, accompanied by up-dating of y, and is followed by

a return (to label "loop2" in the ALGOL procedure) to

calculate a new dif, and repeat.

The problem of which action should be performed by the plotter

is simplified by introduction of the array ACT, which contains
integers corresponding to the various possible plotter motions.
The element of ACT which is used may be described by the following
ALGOL 60 expression:

crf

absdif < 0.5 then O else if absdif < 1.5 then 8 else16)
xisx then O else L)
inerx > O then 0 else 2)

(1
(1
(1
(if dif > O then O else 1)]

+ o+ o+
’w iw Iw |w

In the ALGOL procedure, as much as possible of this subscript
expression is evaluated before entering the loop. At the end of
each step, a test is made to determine whether x = xs1i; if it
does, the section of curve has been completed, and exit is taken

from the procedure; otherwise, the next step is carried out.

Evaluating the Polynomial

In the previous section, we mentioned that we would evaluate the

polynomial

f(x) = ax3 + bx2 + cx 3.4.18

once for each plotter step taken. Since each step of the plotter
takes only 3.3 ms, we must certainly perform this polynomial
evaluation in rather less than this length of time, in order to
%eave time for the decision described above, of which plotter

movement to take,
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On machines with fast floating-point hardware, one can

evaluate (3.4.18) directly for each step. However, for other
machines, we now give a scheme which can be carried out rapidly
in fixed-point, although at the cost of some extra storage space

for the procedure.

We begin by noticing the important fact that our evaluations
of f(x) occur, not for arbitrary, but for successive values
of x. Thus, we expect that, given f(x), the following value of
£, f{x + h) (h = incrx = + 1) should not be very greatly different.
Accordingly, we attempt to calculate this difference.
Defining
Af(x) = f(x + h) - f£(x), 3.4,19
we have
f(x + h) = f(x) + af(x), 3.4.20
and, from (3.4.18) and (3.4.19),
2
)

Af(x) = a(3x2h + 3xh2 + h3) + b(2xh + h°) + ch. 3.h4,21

Thus, if we know f(x) and &f(x), we can easily calculate
f(x + h) from (3.4,20).

Setting
2°%8(x) = b(of(x)) = Af(x + h) - Af(x), 3.b,22

we have
Af(x + h) = Af(x) + A2f(x), 3.4, 23

and, from (3.4.21) and (3.Lk.22),

A2f(x) = 6ah2(x + h) + 2bh2. 3.k, 24

Setting

A3f(x) = A(Azf(x)) = Agf(x +h) - Agf(X), 3.4.25
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we have

Azf(x +h) = Azf(x) + A3f(x), 3.k.26

and, from (3.4.24) and (3.k4.25),
832(x) = 6an>. 3.4.27

Thus, the following scheme suggeSts itself.Suppose that,

at a given moment, we know f(x), Af(x - h), Azf(x - 2h), and
3 A

A™f, then we can calculate,seguentially:

A2f(x - h) = Ae(x - 2h) + A3f,
Af(x) = af(x - h) + 8°f(x - h), 3.4.26
f(x + h) = £(x) + af(x).

In this,way, we obtain f(x + h) and the Af and a%r required
for the next step, at the cost, essentially, of three

addition and store operations.,

In order to get started, we know that f(0) = O from our choice

of co~ordinate system. At x = 0, (3.4.28) becomes

82¢(-n) = a°f(-2n) + Af,
2£(0) = ar(-h) + a%f(-n), 3.4.,29
f(h) = £(0) + ar(0).

Thus, we require the values of A2f(—2h) and Af(-h) initially.
From (3.4.21),

3

Af(<h) = ab> - bh® + ch, 3.4,30

and from (3.4.24),

22f(=2h) = —6ah> + 2bh°, 34,31
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Now, recalling that h = incrx = + 1, we have to calculate

the following initial quantities:

£ =0,
delta = incrx(a - b x inerx + c¢),
3.b,.32
delta2 = 2b - 6a x inecrx,
delta3 = 6a x incrx.

If the process described above is carried out using fixed-point
arithmetic, it will probably be sufficiently fast. However, the
quantities f, delta, delta2, and delta3 are not, in general,
integers, and hence the question of scaling comes up; that is,
we must determine how many fipgures to keep after the decimal

or binary point in order to assure that round-off errors do

not accumulate disastrously. More precisely, we must assure
that the value of f is never in error by more than half a
plotter unit, since any error less than half a unit will never
cause a deviation of the pen from the calculated curve of more

than one plotter step; this we regard as acceptable.

Accordingly, we now begin a fixed-point error analysis of the

process defined by equations (3.4.28).

By definition,
i-1
£(i x inerx) = £, = f_ + ) Af.. 3.4.33
1 0 b J
J=0
However, this equation is only theoretically valid; computationally,
we may write
3¢ 2 i_1* I
£, =f_ + )  Af., 3.h.3

1 0 3520 3J

where f; and K%j represent the calculated values of fi and Afj,
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and the asterisk on the summation sign indicates that a
rounding error is made, in general, with the addition of

each new term in the sum.

. . 3¢
By our choice of co-ordinate axes, fo = fO = 0, Further,
since we carry only a certain (as yet not specified) number
of digits in f, a maximum rounding error of, say, v, is

committed at each addition of a A*fj to the sum. Hence,

£ - £, <iv+ ii1 |2%s. - & h
i had i —- iv & j - fj ® 3. .35
J=0
Now, theoretically,
Jj=1
af. = ar , + V 8%r 3.4.36
J =1 & k
k=-1
but computationally,
»* 371* Dae
Af.=AF o+ ) N 3.4.37
J -1 ke 1 k

Again, since we carry only a restricted number of digits in Af,
we commit a maximum rounding error of, say, u, with each

addition of a Az*f , and also 1n the initial truncation of

* k
Af_,. Thus,
[, - a£.| < |&7F At | o+ Iji1 (0%%s = 825 )| + (5+1)
PR B o k ~ 8Ty Jr1iu
J=1
< (J+2u+ ) IAZ*f - 2%t |, 3.L4,38
= k k
k=-1
Once again, we have theoretically,
k-1
2 2 3
ATE, = ATF 4 ) Avf, 3.14.39
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but computationally,

k-1 ,
[ G S ) * a3, 3.b4.40

k R
Since we carry only a finite number of figures in delta2 and
delta3 (the same for both - there is no advantage in carrying
more figures in delta3 than in delta2, since the rounding
error is in any case effectively determined by the number of
figures in delta2), we commit a maximum rounding error of, say,

3

¢ with each addition of A°f to the sum and also with the initial

. 2%
truncation of A f_2. Thus,
k-1
2% 2 2% 2 : 3 3
jA £, = b fkl < |a £, =B f_2| + |l£n2 (a7r, - £ +
+ (k + 2)e
< (k + 3)e. ©3.b b1
Hence, substituting (3.L4.41) into (3.L.38),
% 'j'f]
| o £5 - Afjl < (j+2)u+e ) (k+3)
=1
= (j +2)u+ ( +1%( ) €, 3.b4.42
and substituting this into (3.4.35),
“ i-1 c i=-1
|£; - ol <dv+u ) (j#2du + 3 Y (G (G+0)
J=0 J=0

iv

L) i)

.2 .3
iv + (1;3) no+ (125) £ . 3,443

A
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Now, we require that this error be less than 1/2; we decide,
rather arbitrarily, to spread the error equally among the three
terms of (3.4.43). Thus, we require at the endpoint of the

current section (i = |xs1i|),

1

‘xs1i|v < 1/6 ¥==> v < ZW;ETTT N

(1xs1i] + 3)°
2 ]

uo< 1/6 = u < L ‘ 3,)4,)4.)4

3
3(|xs1i| + 3)°

< 1/6 ===> £ < ! o

(|xs1i]| + 5)3

(fxe1i] + 5)° |

At this point, we narrow our consideration to a binary computer;

the necessary changes for a decimal machine are obvious, however,

If we maintain a certain number, say n, of bits after the binary
point, then the maximum error, m, during addition, assuming a

proper rounding process, is clearly

m =-%- . 270 o ot 3.4,45

Taking base 2 logarithms on both sides, we have

1og2 = —-(n + 1), 3.b4,46

and therefore, the number of bits required for a rounding error

no greater than m, is

n= logzm -1, 3&2“")47

Thus, the number of extra bits, s required in f is at least

n, = - logyy = 1=+ 10g2(6iXS1i|) -1,

and similarly,

’ . 2
n, = - logu ~ 1=+ log2(3(|XS1ll +3)7) -1, 3.4.48

and,

_ _ _ . 3
n,=n;=-1loge-1=+ logz((|xs11[ +5)°) - 1,
ATf ATF
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In order to reduce the probability of any error of even as
much as one plotter step, we arbitrarily carry two further

guarding bits in the above quantities and obtain finally:

n, = log2(6]xs1i|) + 1,

. 2
n, .= 1og2(3(lxs1ll+ 3)°) + 1, 3.4.49

. 3
n,=n_=1log, ((|xs1i] + 5)°) + 1,
A2f A3f 2

In ALGOL, the bits after the binary point are expressed by
carrying the quantities as integers, multiplied by 2 to the
appropriate n from (3.4.49), This requires the calculation of

a few auxiliary quantities, but the details should be clear from
an inspection of the ALGOL procedure declaration. Note that

most of the divisions by powers of 2 may actually be carried out,
in machine code, by corresponding right shift operations, and

multiplications by means of left shifts.

Similarly, the base 2 logarithms may be sufficiently accurately
evaluated, in machine code, by using the binary exponent of the

corresponding normalized floating-point quantity.
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3.5 Theory of SCALE

The Case mode = 0

We begin by formalizing the requirements R1 to Rk [3]. Defining
MN and MX as respectively the minimum and maximum values of the

parameter Ti, we have the following conditions:
(c1) DL = T x 10k, for some integer k;
(c2) - MIN = p x DL, for some integer p;
(c3) (a) MN - DL < MIN < MN; (MN < MX);

(b) MAX = MIN + nint x DL > MX;

(ch) Of all values of DL satisfying C1, C2, and C3, the one
chosen is that which has the highest efficiency, defined
as

MX - N

eff(DL) = T <O

It is immediately obvious from Ch that the smallest of the DL
satisfying C1, C2, and C3 is the one desired (i.e, because MX,

MN and nint are constant for each given problem).

This suggests thaﬁ we might proceed by searching through an
ordered set of candidates for DL, which satisfy C1, beginning
with the smaller members, and continuing through successively
larger candidates, up to the first one which satisfies all of
the conditions C2, C3a, and C3b. This candidate is then the

desired DL, and satisfies all the requirements.

It is clear that if, for a given candidate DL, we choose
MIN = entier ( %EL ) x DL, 3.5.1

that this value of MIN automatically satisfies C2 and C3a.

Thus, it only remains to see how large a set of candidate round

numbers is required to ensure that C3b is satisfied.
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From C3b and the right-hand inequality of C2, we have
MN + nint x DL > MX,
and hence,

MX - MN

bL > Timt ° 3.5.2
Consider the inequality
k M - MN k+1
10 f_ naint < 10 ° 3-5-3
We attempt to find a value of k satisfying (3.5.3). Taking
logarithms, we have
v MX - MN
k < log,, ( Y ) <k + 1, 3.5.4
From the right-hand inequality of (3.5.4),
MX - M :
k > log,, ( o ) -1, 3.5.5
and thus,
MX - MN MX -~ M
togyg {Same— ) - 1V < ks log () 3.5.6
Now
. MX - MN
k = entier (log10 ( —r )) 3:.5.7

satisfies the inequality (3.5.6) exactly. Thus, with this choice

of k, if we begin the search at

Rmin = 1 x TOk, 3.5.8

and continue sufficiently far, then we are sure that the first

candidate satisfying (3.5.2) will be encountered.

Next, we consider what is meant by "sufficiently far"., From C3b
and the left-hand inequality of C2, we have that C3b is certainly

satisfied if

&

MN - DL + nint x DL > MX;
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that is, if

MX - MN

DL i’TH?EE_:—TT » 3.5.9

That is, the search may be discontinued at any round number

M{ - MN

Rmax > Taint = 17

- MX - MN y nint
nint nint - 1

. 3.5.10

Result (3.5.9) indicates that for nint = 1, the search may
continue indefinitely. In fact, the requirements C2 and C3
may easily be shown to be in general inconsistent for nint = 1,

Thus, we require nint > 2.

With this requirement, we then have

nint
mf_2, : 3.5.11

with the equality holding only for nint = 2,
Thus, from the right-hand inequality of (3.5.3), and from (3.5.10)
and (3.5.11), we may be assured that the first round number
satisfying
Rmax > 2 x 10571 = 20 x 10¥ 3.5.12
will certainly satisfy C3b.

Accordingly, if we expand our set of "basic round numbers"

r'j as follows
1, 1.25, 2, 2.5, h, 5, 8, 10, 12.5, 20, 25 3.5.13

(the 25 is included in order to be absolutely safe against
rounding errors), then the following algorithm will solve the

problem:
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k: = entier(loglO((MX - MN)/nint));
for rj: = 1, 1.25, 2, 2.5, b, 5, 8, 10, 12,5, 20, 25 do
begin DL: = rj x 10 4+ k;
if DL > (MX - M)/nint then
entier(MN/DL) x DL;
MIN + nint x DL

begin MIN:
MAX:

iz MAX > MX then goto out
end
end;

out:

The Case mode = 1

As motivation for the inclusion of the extra features provided

by mode = 1, we consider the problem defined by

MN = -L40.1, MX = 35, nint = 15, 3.5, 14
Application of the algorithm described above yields

MIN = -48, DL = 8, and MAX = T2, ’ 3.5.15

with an efficiency of only 63 %. The reason for this rather low
efficiency is easy to discover - namely, there are four "empty"
intervals from 40 to 72. This is a consequence of requiring

precisely 15 intervals.

If, however, the user is willing to accept some number of intervals,
ni < nint, 3.5.16

and to replace the condition C3b by

(C3e) MAX = MIN + ni x DL > MX,

then it will often be possible to obtain a higher efficiency,
now defined as

_ MX - MN
eff(DL) = ———r s 3.5.17
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by simply discarding the empty intervals,

From C3c, we have that

. MX - MIN
ni > —g— , 3.5.18
and the value we choose, which certainly satisfies (3.5.18), is
ni = entier( M MIN ) + 1. 3.5.19
DL
Applying this to the problem (3.5.14), we obtain the solution
MIN = -48, DL = 8, MAX = 40, ni = 11, 3.5.20
with an efficiency of 85 %.
We shall now obtain a lower bound for ni. Consider
k MX - LN k
I"j_.‘ 107 < "—n—m——i I‘j 107, 3.5.21

where r. 10k is the round number actually used as DL, and

rj_1 107 is the last round number which was too small to satisfy
C3b., From (3.5.18),and the left-hand inequality of (3.5.21),
we have
r.
ni > nint x —%fj- o 365,22
J

In our chosen set of basic round numbers,

—%:l =,8 or .625 3.5.23
J

of which the second is smaller, and hence ni is always larger

than .625 x nint. Hence, for mode = 1,

«625 x nint < ni < nint, 3.5.2h

The Case mode = 2

The left-hand inequality of (3.5.21) leads us to wonder if we

might not obtain still higher efficiency by using DL1 = rj_1 x 10k
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instead of DL = T x 10% (i.e. by using the largest round
number which fails to satisfy C3b), and then calculating a

. MN
MIN1 = entier ( e ) * DL1, 3.5.25
and a
. MX - MIN1
nil1 = entier ( ST ) + 1, 3.5.26
and finally, a
MAX1 = MIN1 + nil1 x DL1, 3.5.27

In the procedure SCALE, for the case mode = 2, we calculate the
quantities described above, and compare the efficiency of the
solution so obtained with that obtained for the case mode = 1;

we then choose the more efficient of the two.

We now obtain bounds for the number of intervals which this
process may produce., Clearly, if the mode = 1 solution is more

efficient, we have from (3.5.24), the lower bound

.625 x nint < number of intervals, - 3.5.28

Now, the efficiency of the choice DL1 is

MX -~ MN

eff(DL1) = o =prT

305029

and, since DL1 is chosen only if eff(DL1) > eff(DL), i.e. only if

eff(DL1) _ _ni x DL
eff(DL) nit x DL1

> 1, 3¢5.30

therefore
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nil < ni x %%T

r. x 10k

< nint x -

r. b3 10k

J-1

< 1.6 x nint.

Thus, combining (3.5.28) and (3.5.31),

«625 x nint < number of intervals < 1.6 x nint.

We have now demonstrated the three possible modes of the
procedure SCALE, each of which gives higher efficiency than
the previous one, at the price of allowing the procedure more

freedom in the choice of the number of intervals.,

35031

3.5.32
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3.6 Theory of PLOTAXIS2

In this section we discuss the method by which several of the

features of PLOTAXIS2 are accomplished.

We introduce the concept of the "position number" of a digit,
relative to the decimal point, within a number. For instance,

in the number
12345,.6789,

the position of the 5 is 0, of the 4 is 1, of the 3 is 2,
of the 6 is -1, of the 7 is -2, etc. From the figure

ce X X X X X . X X X X X4
b 3 2 1 0  =1-2-3-k-5

it is easy to see that the position number of the left-most
non-zero digit of an arbitrary number x is the characteristic
of the base 10 logarithm of the absolute value of X, That is,

naming this position number A,

A = entier(logig |x]|).

3.6.1

The problem of finding the position of the last (i.e., right-most,

non-zero) digit of an arbitrary real number is not well-defined. In

the context of the procedure PLOTAXIS2, however, we are interested

in the position of the last "significant" digit of the number,

since we usually wish to draw only the "significant" digits of the
Y

numbers by the tick marks on the axis,

This intuitive meaning of "significant" may be made clearer by
considering DL, the interval between tick marks, Ideally, DL
contains only one, two, or three significant digits (see the
description of the procedure SCALE). Clearly, since all of the
numbers to be drawn by the tick marks are integer multiples of

DL, then all digits to the right of the last significant digit

F3
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of DL are theo:etically zeroes, and need not (usually) be drawn;
note that becaﬁse of rounding errors, there will usually be
at the end of the number, a sequence of zeroes or nines followed
by some non-zero digits, but as long as we do not draw them,

no harm will be done,

Thus, we must determine the position of the least significant
digit of DL. This is accomplished as follows:

we calculate

(2 - entier(log;q(DL)))
§ = DL x 10 3 3.6.2

that is, an integer less than 1000, Then the number of

significant digits of DL is
Vv = 3 - number of trailing zeroces of §, 3.6.3
and the position of the least significant digit is then

k2

entier(log)g(DL)) = (v = 1)

entier(log;¢(DL)) - 2 + number of trailing

zeroes of &, 3.6.L
The determination of the number of trailing zeroes of an-
arbitrary integer 1s accomplished in PLOTAXIS2 by the integer

procedure zeroes.,
Now, the position of the left-most digit of the number with the

greatest number of digits is

k1 = entier(logo (max(|MAX|, |MIN]|))), 3.6.5

and the total number of significant digits in this number is
k3 = k1 - k2 + 1. 3.6.6

We now consider the question of the drawing of a power of 10
along with the other numbers. One may be tempted to do this
whenever there are zeroes between the decimal point and the

significant digits of the number (i.e. whenever k2 > 0 or ki1 < =1),

&
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In PLOTAXIS2, however, the power of 10 is drawn only if the
number of significant digits plus the number of zeroes between
the point and the significant digits exceeds 5 (the value 5 is
rather arbitrarily chosen). More precisely, a power of 10

is provided if
((k2 > 0)A (k1 > 5NV ((k1 < -1)A(k2 < -5)). 3.6.7

At this point, we know the number of characters (including
possible decimal point and minus sign) which have to be drawn
possibly for all the numbers and certainly for the largest.
Thus we know the physical length of the numbers to be drawn;
dividing this physical length (plus a suitable safety margin)
by the physical distance between successive tick marks, we
obtain the quantity step with the interpretation that if

step < 1 there is sufficient room between successive tick marks
for each number, and that otherwise, at least (step -1) tick

marks must be skipped over between two successive numbers,

However, there may be objections to simply beginning at MIN
and drawing at each following step'th position, For instance,

consider the case MIN = O, DL = 2, and step = U4; that is,
0, 2, k, 6, 8, 10, 12, 14, 16, 18, 20, 22, 24, 26, 28, 30, ... .

Here, we would have the numbers 0, 8, 16, 2L, ..., whereas, if we
use step = 5, we have, instead, the numbers 0, 10, 20, 30, «oo0 o
The latter choice appears esthetically more desirable. Consider

also the case MIN = =25, DL = 25, and step = k4; that is,
-25, 0, 25, 50, 75, 100, 125, 150, 175, 200, 225, v.. .

Here, we would have -25, 75, 175, ..., whereas, if we begin
at 0, and keep the step = L, we have 0, 100, 200, ..., etc.,

and again, this seems esthetically attractive.

It would thus appear, from the preceding paragraph, that we wish
to see, as far as possible, numbers which are integer multiples

of powers of ten. Clearly, if step < 1, there is no problem,
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but if step > 1, then we must consider precise criteria
for choosing a revised step, and a beginning position other
than MIN,.

We now digress briefly to consider some simple number theory.

Fach number to be drawn is of the form
MIN + i x DL,

but since MIN is itself an integer multiple of DL, we can write

all the numbers to be drawn in the form

Nyo= o DL, 3.6.8

[8

with some appropriate bounds for j.

Suppose that we have found by some means that the last k

significant digits of the number Hn are zeroes; that 1is,

—k2
N =nxDL=aHx 108%k2, 3.6.9
where o is an integer. Suppose further that v is the smallest
(positive) integer such that
- _ k-k2
Moy, =V, *+ v xDL=gx 10 R ) 3.6.10
where B is some integer; that is, Nn+v is the next number after
N of which the last k (or more) significant digits are zeroes.
We then consider the numbers
Uogmy = Fp oy X DL, 3.6.11
for all integers m. From (3.6.9) and (3.6.10), we have that
v x DL = (B - o) x 10572 3.6.12
and hence, from (3.6.11) and (3.6.12),
k-k2
= + -
LS (o + m(B = o)) x 10
= § x 1ok‘k2, 3.6.,13

&

where § 1s clearly agaln an integer,
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That is, all of the numbers Nn+mv have the property of having

zeroes for at least the last k significant digits.,

Furthermore; there are no other numbers with this property;

for, suppose that NP is a number that does have the property.

Then, clearly all numbers Np+mv also have the property, but

one of these lies closer to Nn than Hn+v’ contrary to the

assumption that Nn+v was the closest,

The significance of this is that two numbers with at least

a prescribed number of trailing zeroes, and between which no

other number has at least that prescribed number of trailing

zeroes, determine a sequence which includes all (and only)

numbers with at least as many zeroces,

In the ALGOL text of PLOTAXIS2 between the labels CYCLE and

gotthem, the following process is performed:

(a)

(b)

(e)

(a)

(e)

The unique smallest cycle which has a length (i.e. v)
at least as large as step is calculated by means of a
rather complicated loop. The loop produces pos, the index

of a number in the cycle, and the cycle-length cycle;

Further, we calculate the smallest integer divisor of cycle
which is at least as great as step (in the program, this is

called itemp);

In the case that no sufficiently large cycle exists, we simply
multiply the largest cycle which does exist by successive

integers 2, 3, ... until it is large enough;

DL is replaced by itemp x DL, and appropriate new values
of MIN and MAX are calculated;

Control is transferred back to the beginning of the procedure
in order that the decision about the drawing of a power of 10

may be reviewed (that is, it may no longer be necessary).,

The iteration mentioned in (e) is performed only once. After this,

¢control is directed to gotthem, where the actual drawing of the

numbers and power of 10 is performed.
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4, Sample Application Programs

Note that the declarations of the plotter procedures (and the
declarations of statel, state2, etc.), have, for reasons of

economy, been omitted in the listings of the sample programs.

4,1 Circle and Ellipse

In data units the co-ordinates of 32 points on the circle
r = 500 are calculated and then plotted by PLOTCURVE; then,

a square 1is drawn around the circle,

This is done twice, the first time with equal scaling factors
Scx and Scy, and the second time with Secx = 2 x Sey. With

equal scaling factors the circle and square appear as a circle
and square on the paper; however, in the other case, they appear

as an ellipse and a rectangle.

4,2 Error Damping by PLOTCURVE

This program demonstrates that, although a discontinuity of a
curve cannot be reproduced very precisely by PLOTCURVE, it
nevertheless has no influence on the interpolation process at

a distance from the discontinuity.

Specifically, we have two straight lines making an angle of 45,
90, and 135 degrees with each other., PLOTCURVE follows the first
line faithfully to the last point before the " kink", and from
the first point thereafter,

At the same time, the program demonstrates the use of MARKEDCURVE,
and some of the features of PLOTTEXT.
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4,3 Demonstrate PLOTPICTURE

"The first call of PLOTPICTURE draws an axis system, complete
with rectangular grid, and two cycles of the curve y = sin(2mx).
The curve is given by means of the co-ordinates of 65 points
equally spaced in x, and by the initial and final slopes

(both equal to 2w). Every fourth given point is marked with

one of the special marking symbols. The scaling of the X-axis
has been completely specified (kx = 6) by the requirements

that it be 16 cm (1600 plits) long, and with vertical grid lines
at the points 0, .25, +5, sees 2. The scaling of the Y-axis

has been specified by requiring it to be 12 cm long, and with
horizontal grid lines every 1 cm; the minimum and maximum
values of the function ere estimated (rather conservatively!)
to be -1.01 and +1.01 respectively. Appropriate texts are drawn
beside the axes; notice that a few non-ALGOL characters are

represented in the strings by corresponding word-delimiters.

The second call draws two cycles of the curve y = cos(2mx) using

the axis system, etc. established by the previous call.

Following this, values of x and cot(2mx) are calculated for

x = 1/64, 2/6L4, ..., 31/6L4, and stored in arrays.

The third call of PLOTPICTURE draws a new Y-axis, and one cycle

of the curve y = cot(2mx). The curve is defined by the previously
calculated and stored co-ordinate pairs. The scaling of the Y-axis

is determined by the requirements that it be 12 cm long, with a tick-
mark every 1 cm, and that the y-values must "fit" on the axis, with

as little wasted space as possible,

The following three calls (in the for-loop) reproduce the curve
produced by the third call, at positions successively farther

to the right. The axis system defined and drawn by the third call
is used by these last three calls.

i
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4,4 Digits of 7 in a Spiral

We choose (because of esthetic considerations which are not

important here), the exponential spiral

r(¢) = rmax x eP? R bb,1

with rmax = 650 plotter units, p = .023, and with ¢ taking

on values from O to approximately =327,

The idea 1s to write the first 1000 digits of the decimal
expansion of 7 with the feet of the digits following the spiral.
The height of each digit is to be some fixed proportion, say

75 %, of the available distance to the digits from the previous
revolutiony that is, the height of a digit at the position ¢

of the spiral is to be

h(¢) = .75 x (r(¢ + 2m) - r(¢))

.75 x rmax x eP? (e2pTT - 1), hol,2

and the breadth of the digit (including the space to its

successor) is

b(¢) = g-h(¢) =c x ep¢, | L4, 3
where

c =-$ x .75 x rmax x (P - 1), Lo,k

Because »f thie transcendental character of the spiral, we can
not make direct use of the above formulas; instead, we proceed

approximately,

Referring to the diagram, we assume that the radius r, and angle ¢1

1
have been calculated during the drawing of the previous digi t. We
then calculate the desired breadth of the new digit as

b1 = ceP?¥ . 4, 4,5
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Using the approximation

r.6¢ =D, b,h,6
we calculate
8 = b /r, = cep¢1/r1, bl 7
and
b=, - So, h,h,8
and
r = rmax x eP?, hok.9

This implies that the actual breadth of the digits (i.e., the
chord AB) will be somewhat different from the desired breadth b1,
but the difference will not be readily visible to the eye, Nevertheless,
we must calculate the actual breadth b (in order to calculate the

,actual height).
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From the cosine law of plane trigonometry,

b = %{rz + r? - 2rr1cos(6¢)@ kob.10

We also reguire the angle a. Clearly,

a= ¢, Fw +dL BAO, holho11

and, from the sine law

sin(&BAO) _ sin(6¢) .
- o= b H h@lh;12

% BAO = arcsin ( %»sin(6¢))9 hoh,13
Furthermore, the arcsin can be calculated from

arcsin(arg) = arctan ( coooriBous ), ‘ Lok, b

2
1 - arg

h = 8‘ X b ' h )4 1
° [ 2 5

Finally, the values of r and ¢ must be preserved as r, and ¢

1
for the follcwing digit.
The above mentioned process is performed by the procedure height,

which is called by PLOTTEXT just before drawing each digit,

Note that the string to be plotted (the digits of ) contains
a blank or carriage return after each ten digits. Since we do
not wish to draw these spaces, we set height to zero for each

eleventh character, with the help of the counter j.

4,5 Draw all PLOTTEXT Characters

This program was used to produce Table 3, showing all of the
102 characters which can be drawn by PLOTTEXT. Note that all three

pages of the table are produced at the same time.



78

(9% - THOLS USU) (9T8IS V 89IBIS V $9EIS V gogess v Terels)L i
1 + (uedisqe osie ¢ uayj} gz < uadisqr .mzsoﬁ\sm 0j03 uay} g = uadisqe A 07 < uadisqe JI

S(NAJI)sqe =:uadisqe

$9STB] =1y99)8IS =:3EoIBIS =IgIOJRIS =i80JBIS =:}9Je]IS =:1ZOJe}s =:[OJe)S =!0OURIJUSISIL U] QOURIJUS)SII] I

{A1snosurjnuIls UOIOaIIp £ - pue
AIsnosuejnWIS UOI}0RIIP £ + pur
AISnoauBjINWIS UOIOQIIp £ - pur
AISnosur)nWIS UOI}OSIIP A + pur
(umop uad) uorjoaaIp

(dn uad) uorjoaaip

UOI}O3IIP

U010 IIp

UOTJORIIP

UOTIO8IIP

X

X

S

WP P N

X

+

0t
9
6
g
(44
91

(4
T

‘pamoire age eydre I0j sonjea Suimolio] oyl

*ona} osImIayjo ‘o3pe jey} jsurele asyjpmj o8 o3 Sunydwene oxe om pue oded

9y} jo sa8pe ayj jo euo jsurede s1 oferraeo gopoid oyl 1 9SIE] ST HAOW *eydre ao3ojur oy Aq

peyroads uorjooaIp oy3 ut ued SY) SSAOW YOTYM (Spoo-TX) oanpsocord uesjooq ® ST (eudie)FAON JUSWIWIO O
mmNZm&H.w.NZmnﬂ.MNZMQH.NNZM&H.MNZMQH.ONZmn:.mﬂmeH.wHmeH.hHZm&H,wHmeH.mHmeH.wHZm&H.mMZm&H

‘ZINIJI TINEAI 0 INIJI 6NAJI SNIJT' LNTJT* ONAJT SNAJI PNIJT" ENAJI‘ZNAJI INIJI'ONIJI ="Yo1IMs YOIIMS
ININAX ‘NIWX ‘408 ‘x0S T8ed umo fuad UBSJOOG UMO {XBWA ‘XxBWIX ‘)SBIA ‘1SBIX I080Ul UMO

{)y81a ueejooq fuadisqe ‘Aep ‘1 ‘ghp ‘gxp ‘Ap ‘Xp ‘Ax ‘A °x J989jUT  UIdeQ
(X'X 189 INFJI I030WT INAJI ‘A ‘X onfes {(NAJI‘X‘*X)I0'Id oanpeoocid Jeod




£19107Td 0308 NINX + 49§ X £ =1LO'Id * 8NHAI $ISIOTId 0308 {NIWX + X0S X X =:LO"Id
fPpud 0303 {(f4Z% - THJOLS ey xewdk < £ A 0 > £ J1 :I9L01d 4 =110T1d

fppus 0303 (4% - THJOLS USY] XBWX < X A 0 > X JI :IGLO'Id X =:1071d

£gNAJI 0108 {Pus 0 =14 £000¢ + XTWX =iX ULBeq UeWl 0 > X V 0 > NAJI J

{pue 0308 ¢Q =:)sBIL =!)SBIX U8y} $ = uoadisqe JI

fpuo

PUS gXp — AOD =:A9D {(AX)TAOW UISeq oS0
(X)TAOIN USY} (Xp > A0p 9STe Xp > Aop UeUl SIX JI) JI $gAp + Aop nEmv.ﬁm@p
Op xp Iun T do3s T =1 40}
£0 =:a0p £g x Ap =:ghp §g X Xp =:gxXp
fpus 1 =:Lp fAp =:xp {xp =1 {£ =:x UIHeq WY} Xp < Ap JI

$£ + x =1fx £% =:£ oS[e pusd g =:£ {Ap~ =:£p UIdeq Uy} @ > Ap JI

79

T =iX 9S[o puU® g =iX {Xp- =:Xp UIdeq Uoy} (0 > XP JI

§0 < xp =y31x £ =:sBIL X =!sBIX §)sBIL - £ =:4p {ISBIX ~ X =:XP

f(¥Le - H,JTEO,Hm uay} (F > uadisqe V xewX < X) A XewWh < £ A Q> A A 0> X I
m..vwmm ona) =:uad {(9T)AAOI ulseq usyl ued r...m

$ENIJ] 0303 f{pue osle] =iuad {(gg)AAOIN ulseq ueyj ued JI

f(¥ez - THJOLS

{1 + uodIsqe]yojIms 0)08

Pue X =:£ £X =:x UIDeq oW} § > uedisqe Ji 9510
Pue £og/(NIWA - X) =4 £X0§/(NINX ~ X) =iX UIeq UaU3 9 > NAJI V 0 < NAJI TT

LNHEdI
INHJI
SNHJI
YNHdI

ENIdI
¢NAdI
INHJI
ONHAI

fo8ed puooss LOTd JUSWUIOD



80

{1O0Id pus

0 =101d
fondj =:979e1s {0 < X =tued

{pus 03038 fonJ} =:gaBIS X =:1SBIL X =!1SBIX
fpus 0303

fpus

(7)HAOIN Op T THun T - dojs g : (xewdk ~ $6.g) =:1 40}
f4D0H 0303 USU3 (8)TAOW JI :EDAF 0 =:ISBIh =:)seIX {ond) =:gojels uIseq U] 0 < NAdI T
fona) =:$91B1s {X =Xewd {¥ =!XBWX

{pud 0303 {ona) =:gojrIs fX =140 X =:XOY

fpue 0303 fpus (9T)TAOW ¢ona3 =:ued =:gToje}s UISeq woy} 0 < NEAI T

fonay =:71918)s X =NIINA ‘X =:NINX

fpus mﬂm ‘osTe] =:910®Is =:891B)s {(X)TAOIN §X =X

fppue 0708 {1~ 9S[0 T Uy} smg.mw =:101d

{ppue 0308 ININX + 408 X 1seld =1JOTd :SINHJI {pPpue 0303 {NIINX + XOF X 1SBIX =:LO'Id

fppus 0303 {IsBIL =:10'Id 9INAI fppue 0103 §1SBIX = LOTd
fppus 0308 fxewd =:107Td $INAJI fppus 0708 {XPWX =:I0Td
‘ppud 0303 f£08  =:107Id :TINAJI {ppue 0308 fxo8  =:LOTId
fppue 0308 {NINX =:I1OId :0INAJI {ppue 0308 {NIINX =:107Td

:ppua
‘pue
‘GoNHdI
*PeNHJI

‘6CNHIdI
‘CoNHdI

‘TeNHdI
‘0cNHIdI
*6INHJI
*LINHAI
‘GINHJI
‘€INHAI
*TINHAI
* 6NHAI

WY WD, TE——

fo8ed pampy 10714

JUSTITIO O



81

Sxem A XWX XVINA

SHINVELIOTd PUo
(eg°¥ewA*xewix) 1O Td
f(gg'xewd/(NINA - XVINA)'Xewx/(NINX - XVINX))LOId
§(Tg* NIWA ‘ NIINX)LO'Id
fpus 06z =xewd {({0g - THAOLS UIBeq Uy} 067 < Xewdk JI  TI9oq
fxewd ‘xewrx ISPOWI {XVINA ‘XVINX ‘NINA ‘NINX 1eo4
‘KVIX ‘NINX ‘NINX OnieA f(XBuA‘XBwX‘XVINA‘XVINX'NINA‘NINX)INVHILOTd oInpasord




82

puo

onJ) =!IS €JIS00 X (UBUISOY X g + UBS00SY X g) - 04 =:04
31500 X (UBUISSY X € — UBS0D9Y X g) - (X =:0X UIdeq uay)
BMUSL VO >T]J1
fpue pue 0303 {({Ie - THAOLS UBeq :ANV.ISIN Uew) $9918IsL J1  3S[o
pua

PUS (9°X°0)L0Td =04 £(5°0°X)LO"Id =:0X UISeq oSl
Pue X =:0f £X =:0x ULdeq USY}
0 > oy J1
fona] =:y90181S fOS[B] =:)JIYS =:}SII] UIDaq e
1SIp J1 umeq  ueyy 0 > [ I

£(31S00)UBIs =:3IS0D §3IS00/(I)ULS =:}IUB] §(}1)SOO =:1IS00O
'

(UB)UIS X 9USQB =:UBUISOY §(UB)SOO X OYSQE =:UBS009Y

£66TG263EGTLTO " X LJIOTIRY =311 {66TGTETESHLI0 " x OI8ue =iue {(ay)sqe =:oUsqe {/S1ey =:oy 'TO9INAS

fpue 0108 U} GGZ = ISqT JI {(3x0)[)TOGINASONIMLS =:Isqe T + [ =:f
fpue TOHINAS 0308 20T + Isqe =:1sge {AMVISIIN 03038 uay) g1 < wmo_m...m urgeq uayl T < Hmo:w.wm
{(nsqe =:1sq® f1- =:f

fojonb Burxajs 3Zursoyo jseI 2y} Jo oorvld UI ¢GZ on[eA oyl

SISATIOP 3 040z woJy Supunod [ ‘ixo3 Surrys oYy ul foquids TOHTV Yl oy Jo uorejusseadox Jo8ojur oyl

onfeA )1 SB SISAIOP YOTYm 3anpsooad apod B ST (1x93[)TOGINASONIYILS oJnpsoodd Jo59jul oy, JUeTIwo o

£3JIYS ueajoOog UMO f0£ QX 189 UMO

*DNIH.LS

£31500 ‘“jrue} ‘eysqe ‘31 ‘oY ‘ur ‘ML ‘yx ‘A ‘x ‘urUISOY ‘UBSO0OQY [BAJI {INX ‘ISqe ‘U ‘Y ‘f ‘NHAJI JI9891ul

£JX931 SULIS {1 JOBAUI £9SJI] ueajoog {A3I0ITell ‘ylioy ‘o18ue ‘X ‘X [8od

ursoq

@

1 “gsa1y ‘X ‘X onfea {(3x0)'T'ysany'A3101Ter*ySey‘e8ue’ X*X) LXALLOTd 9impadod



9 = T¥X JT pus
(UBUISOY X jIUB) + UBS0D9Y) X A + £ =4

{(uesooey X jIUB} - UBUISAY) X A - X =X UILFOq uayj}
| 9 =DKJI B8
g- =iINIdI 1o
L=Px T oSl

I- =NIdI
§(NIJI ‘ueuisey x X + uesooey x A + Afueursay x jL - :_nmoomq X ¥X + X)1OId

f31ury X A + X =YX ursaq uayy
2 g > DX J1
$31500 X [H]XD =94 XD =mx urdoq
op u'THun T de3s N =:¥ 40}
‘T - [1SqBIN + 3 =:u {[ISqR]HONVYULINT = 04 =4 §0X =X §g- =:NHJI
0> [ 1 pus

pue

osTe] =JIYs {}IS00 X (UBUISOY X g + UBS009Y X g) + 0L =:0£

£31S00 X Em&mm& X @ — UBSOD9Y X g) + 0X =:0X UIdeq

uSy} PIUS V 0 < I JI  os[e

o8ed puooes IXHALLOTA



84

{IXALIOTd puo

:puo
{ONIYLS 0308 fueulsey x 9 + 0L =:04 fUBS099Y X 9 + QX =:0X
3 J0] pue
G = INX JI pUo
(ueUISSY X JIUB] + UBSOO9Y) X HA - £ =:4
$(UBS0D9Y X JIUB} - UBUISOY) X L + X =X  UI39Q as1o

e8ed panpy IXALIOTA

E=3



85

{SIXVIOTd pus

(T-‘Buls X HLONAT + X‘8S00 X HIONHT + X)101d

‘Ipsqe + HLONAT ="HLONET 9s[o
puo

dOO'T 0303 {(g-‘X*X)101d
fBUISTP + X =tX fBSOOIp + X =iX UIBoq Uoyj I- < HIONAT J1 {Ipsqe — HIONIT =HILONHA'T
{(e—*A'X)10Td
fe-*Aarwr ~ X'{TRW - X)LOTd UeUl 0 > 1Id JI {(I-ANIBW + XMW + X)IOTd
{8800 X [psqe =:BSOOIP fBUIS X IPSQE =:BUISIP {¥S00 X dwo)- =:ANIew fBuls x duro} =:xsaeuwr

$GT- 9S8 GI udy} BS0O < BUIS JI =:dwo)
fpue 0305 Wyl HIONAT < Ipsqe Ji ${("Id)sqe =:1psqe {(z-*X‘X)10Td
fpus
dwre3/IQ =:1Q {dwe)/HIONAT =:HILONIT
f(gy(ruts x (ZT°0°0)LOId) + 2Y(¥SOD X (I1°0°0)LOTd))1bs =:dwe;
{(21°0°0)LOTId/((0T°0°0)LOId ~ X) =X
f(TT°0°0)10Td/((6°0°0)L0Td - X) =X  ULsaq os]e
HIONIT- =HIDNA'T  Woyl 0 > HIONZT JI
§0 =:€s00 U (9T-)V2 > (8s0o)sqe J1 os[e 0 =:puIs Uom) (9T-e > (euis)sqe JI
§(o18ue)s00 =:es00 {(918UB)UIS =:BUIS {GETCTEZESTLIO 0 X o[Sue =:o[8ue

:puo

‘dOO1

{Ipsqe ‘esoolp ‘eulsip ‘dure} ‘ANIeW ‘X{IBW ‘BSOO ‘BUIS [BOd

uLgoq

10 ‘HIDNET ‘oI8ue ‘X ‘X Tedd {10 ‘HLONAT ‘°[8ue ‘X ‘X onfea {(TA‘HILONATOISUR* X X)SIXV.IOTd oInpeoosd



86

$0T=:[ST)LOV =[IT]I0V
f6 = [¥I)LOV = [6]LOV

{8 =t [6T]LOV =: [LT]LOV =: [L]1DV =! [9]10V
£9 =[eT]LOV =[0T1]1DOV
{6 =[2I]LOV = [8]1OV
% =t [8T]LOV = [9T]LOV =: [GJIOV =t [¥]IOV
£g = [€2]1OV =! [1g]LOV =! [€]LOV =: [2]1DV
T = [3ZlLOV =! [02]LOV =: [I]1OV =: [0]1DV

€0 =t g4 =: 1A =: gx = IX {0 =! JUNOO

fonay =: XSIX {0 = [ =! ALIOD

{pue jIxe 0} 05 {({8%-TH)dOLS uideq:sdoo UdY3 ¢ > [ J1 Udeq Wyl I > I J1
0 =t HAMNOIOId

S(g)ur / (x)ul =: g8o] £x eea {(x)gdol ouanpoooid Teat

{[€2:0]LOV ABIIE JIOTOIUI UMO

{XSIX ‘ALIOD UES]00Yg UMO

£JUN0O Io5OJUl UMO

fZh ‘14 *gx fIx ‘JoreoSs ‘dIA 1BOX UMO

faejosyo ‘Ax3isary ‘edny ‘irvwis ueolooyg

fxewrs ‘XewISX ‘UTWSA ‘UTWISX ‘ISXSUE ¢L0ST ‘gOST ‘GOST ‘H0OSI
goST ‘gosT ‘TosT ‘gul ‘gul ‘Tur ‘ITs£ ‘ITsx ‘104 ‘10X ‘geliop ‘geliep
‘“8}19p ‘3 ‘XI0Uul ‘JIPSUE ‘JID ‘EUOTUM ‘ZUOTUM ‘TUOTUM ‘YoM ‘£ ‘X JOZOT

LLINI

04 ‘ox ‘do4 ‘gxew ‘Txewr ‘gsh ‘1sh ‘gsx ‘Isx ‘gos ‘yos ‘q ‘v ‘gdwe) ‘dwo) 1eox

urseq

§] J939jul X ‘X TBAJI I ‘X ‘X onreA {(I ‘X ‘X)TAUNDIOTd °Jnpooodd [ed.a



87

fonny =: A1yy8da1y
$(I- ‘104 ‘10%)L07Id Usul 0 < (6T ‘0 ‘0)LO7Td It
f(g- ‘104 *10%)LO7Id US4} (9T ‘0 ‘0)IOTd # 10£ A (ST ‘0 ‘0)LOId #+ 10X II
04 =t 104 f0x% = 10X
sd1h =: dok EXE)

——

pue

J1X0 9s]e uorjisod USY] € = JUNoO JI 0} 03

£ + JUNOO =: JUNOO ULseq ULY) € > JUNoo II

{pus

(2T ‘0 ‘0)LOId / ((0T1°0 ‘0)1O"1Id
(1T ‘0 ‘0)IOId / ((6 ‘0 ‘0)LOTId

!

s
A

o
>

X) =i gX urdaq
usy} g = I J1
f7h =0 TA fgx = IX

STL =0 04 §IX =t QX

‘NMOANHJ

:uonyisod

*{LNIOdMHEN

*LATHS

¢sdoo 03 05 uay) (¥ # JUnod Vv ¢ < 1) A gg91RISL A ¥ < I JEMOHHD

‘{151 51 pue

1IX9 0} 03 f{onJa)} =: Zgoiels

fjo180s X X =: dof Uy} ALIep JI
$(21 ‘0 ‘0)LOTId / (IT ‘0 ‘0)LOTId =: JoIeOS

T — P—p——)

foded puooes FAUNOILOTA JUSTIWIOO



88

pus
((2s£ x 1s£ - dwe}) X ISX + T Y 184 x gsx) /
((gsX X Tsx - dwe}) X Is£ + g ¥ ISX X gsf) =: di4

fpuo

$(1s£ - zsf) x gsh + (ISX - gsx) x gsx =: dwo) ursoq

(JoTeOS X X) / T OS[® IOIBOS X X Uoy) XSIX JI =: di4f
V=101

(zdwe} ~ dof x dwsy) / (gdwe; x dok + dwel) =: di4k
gV IS - g V' 184 =t gdwey
14 X Isx x g = dwoy

10X - (€T ‘0 ‘0)10OId =: xvwsh {10%~ =: unwsL
f10£ - (T ‘0 ‘0)1LO1d

$0x - gx =: gsh §04 - g£ =t gsx {ox - Ix =: Is£ 0 - T£ =: Tsx

P XpwIsX {104~ =: UTWISX

104 - (FT ‘0 ‘0)LO'Id =: xvwsk {104~ =: utwsA
S10X — (8T ‘0 “0)LOId =: XewsX {IQX~ =: UTWSX

§04 ~ gh =t 7S£ fox - gx = gsx £04 - T4 = 1s£ foX - IX = ISX

asTo
usy)
urseq osTo

pus
ULs9( usy)

g=1J1  UDeq:IJOIS
uoy} A1)saiy J1

‘pus
utseq osTo

puo
urseq USU} XSIX JI :OTeoS

&

TR P, ST,

fo8ed paryl FAUMNDIOTd JUSWWOD



89

¢doL + 118x / 118£ X g ~- d1f =

zduia)

£2 ¥ 1Isx =: dwoey

f(ITsX)ulrs =: xXJoul

sdwey osTe zdwe) Uey] XSIX JI = IS4

fgdwog) ‘osie dwel Uey) XSIX JI =: ITSX

‘104 -~ (§° + TA)IorUE =
10X - (G° + TX)JIOTIUD =
£A1318013

pue

91eo0s 01 038 fosB] =: AJ}ISaI]

fd1£ / 1 =: dif €doL / T =: dof $XSIXL =! XSIX  UuIBeq Uay} gxXewW < [XBW JI
{pue dwie} =: TXBW {[XBW / [ =: gXBW  Uuldeq asia

dwey / 1 =: gxvw udyj dwej < [xBW JI
$(d1f)sqe =: dwey {(dph)sqe =: Txew
fpue
pue
(dwoy x gsx - gdwe} x IsX) /
(dwoy x gsd - gdwey x 1s4) =: dgk
2V gsh + g Y zsx =:gdway
STV 184 + g V¥ Isx =: dwey UIdeq

T —

USY} ALIOPL JI £p = JUNOO  Ulsoq

Uey} ¢ = Junco J1

fo3ed yjanoj

igdwog
: dwoy ‘INONATOd
It pus
THONVHOYHLNI
HdOISNIDH I

&

HAYNDIOId juswtiod



90

£90ST + GOST =: L0ST

£ X gosT = 9OSI

S(I - TuI) Y g =t gosT

£Z X gOST =: JOSI

{1 - Tur - guy) V¥ g = gosI

£ X TOST =: Zos1

{1 - gur - gul) ¥ g = ToSI

fgur V' g =t gos

fgul { g =t o8

£1 + (¢ ¥ (g + Tsxsqe))gSor = gu]
‘1 + (g Y (¢ + Tsxsqe) x g)gdor =: gu
1 + (Isxsqe X 9)gdol =: Tuf

fpus odrose 0F 0F {1 =i 9OST fg =: JuUN0O oY ¢ = Junoo Ji TUT98q W] 0 = [SXSqe Ti IONITVOS
f(11sx)sqe =: Isxs(®
{Jo1E0S / (dI£ / T °sie dIf usy) XSIX JI) = FAMNDIOTA
0= I =t A=2x

fdwey / ((dod + gdwey) x r11sx - 1184) = q
fdurey / gduwey =: ®

foded Yy HAUMNDIOTd JUSWIWOD



91

MAQNA.O ‘[yomym os1e T + YoM uay} ¢ > ,EUMW_,HOA%V.HO..HQ
SQUOTYM OSIe QUOTYM USU) o8ny JI oS[o TUOTYM USYJ [[ews JI =: UOTyM

mbo,mﬂ < JIpsqQe =: o3ny £GOSI > JIPSU® =% [[RWS

, {(FIp)SQE =3 JIpsqe

$ -3 = gip

§50ST ¢ ((BIOP)USIS X EOST + BIOP) + I =t ]

£gOSI : ((2e319p)udIs X OST + Zejep) + BI[ep =i BIEP
{grIeP + GBIPP =i ZBIOP

XJIOUT + X = X

fonay =: IBJOSIO

£90ST X XpwIsA =: xpwisk

£90ST X UTSA =: UTWSA

97T + TUOTUM =: EUOTUM

{8 + TUOTUM =: ZUOTYM

§XIOUT - (G @S[e [ Uay} XSIX JI) = TYOTYM

{XIOUL X oS X B X 9 =! ¢BlIOp

£Z0S X (XJIOUI X B X 9 - ¢ X g) =% gBIOp

IXI0Ur X T0s X (do4 + XIOUT X ¢ - ®B) =: BI[OP
fodeose 1oqel oy} 03 [0JJUOO JO JIVJSUBI} B L POMOTIO]
anHm 7o 1180 ojeradoadde ue Ul JMSOI 03 PoOOjSIOpUn o( 0] SI
gellep J0 ‘zeiep ‘eiep ‘J senniuenb oy} jo Aur JO MOTIISAQ

*NOILLOV
rzdoot
:doot
SSHONHY T AAIA

(O, p— JRaDac—

o8ed ymis HAYMNOLOTd JUSWUWOO



92

STIAUNDIOT pue

momﬁmw =: Zgojeis udyl ¢ < lem

£(sg ‘0 ‘1-)1LOId

£(Fg X + 0K ‘90ST : £ + 0X)IO'Id 9SI® (¥g ‘99ST ¢ £ + 04 ‘X + (X)IO"Id UdY} XSIX JI
¢doo] 03 08 uay} ITSX ¥ X JI

fpus osSIB] = JBJOSIO minbmlivvmo,wm UL59Q Udyj} (XBWSX < X A UTWUSX > X) V IBJOSYO JI

¢zdool 03 08 uay) o8ny Ji

fpue 9siB] =: JBJOSNO miﬁ.mlﬂ%ﬁorhw urdoq uoy)} (xewsd < £ A utwsL > £) v IBJOSHO II
f(p)udis x 9osT + A = £

$159) 0} 03 Uoyj} [[eWS JI

1IX0

sodeoso

11891

DRI, - E——

fo8ed yjueres FAUNDILOTI JUSWIOD

“



93

SHAYNDAIYVIN pus

pua
X = IX X = IX
fonJaj =:! jaevwW oSI[9
(3 ‘1 ‘ona3 ‘0 ‘8% ‘0 ‘IA ‘IX)IXHALIOTd USY} HIBW JI  ULSS(q oS

PUS (X)SQB- =: I fOS[B] =% YJIBW  ULeq uoy) T > I 31

{1 °X ‘X)TAYNDLOTd =t AAUNDATITVIN
fxewr uBelOoOg UMO 1 JOBOJUI UMO fTX ‘IX [BO9I UMO

ursaq
§] Jes0UT X ‘Y TBOX {1 ‘X ‘X onfea {(I ‘X ‘XYTAIADAAIUVIN 2Inpadoad [ead




94

SFTVOS Pao

U =HTVIS I X U + UTW =XVIN ‘Ut =NIIN I =1dg no
fpus
pue
d/I =11
. =5
no 0303
{pus

pus TIU =:TuU STUIW =:UIW ]I =:I UIB9(Q

Uoy) T4 X [IU < I X TU JI
(I + Ta/(TUTn - XIN))Ionue =:TIiu
Tx X (TI/NW)IeWUe =:Tuw {g X TI =TI uIsaq

Woy3 g = opowl JI

QI + a/(ura — XIN))JI9IUS JS[e Julu usy} ¢ = mﬁoE.m =:Iu uLsoq

oY} XIN < I X JUIU + UTW JI €I X (I/NIN)IOTUS =:UTW {g X I =:d  UIBoq os[e

I =TI uay}

dwel > 1 J1  uIseq
m OP $Z ‘0% ‘S°2T ‘0T ‘8 ‘S ‘b ‘G'% ‘T ‘GZ°T ‘T =ia 10j
g = 11 {g/dwey =:dwey {((0T)ul/(dweul)rsnueyoT =:d U/ (NN - XIN) =:dwej
fpue dwrel =:NIN Uey; NI > durel J1 os[e dwo] =X usyl X < dwey J1 ‘1 =:dwel  Ugeq
op uIBun T dejS g =1 0J fIL =X =NI {I =:I
fTutir ‘utwr fTa ‘o ‘g fdwae) ‘XN ‘NIN Teed S1IU ffu JI039)ul ulsoq
10 XVIN ‘NIWN ‘LL TedI fopow ‘quiu ‘U ‘1 Jesejui
fopow ‘juru ‘u enyeA {(TA‘XVIN‘NIIN‘Opow‘juIu‘u‘I‘L1)ATVOS oanpsooad .Hmwwpﬁ




95

pua 1 =:X030®] {0 oS[e Z¥— uayjl ¢ > mx.m = fT + I 9SIe O usyj O > g.ﬂ =u {0 =:3d unrdoq asi°

pue (3d-) Y 0T =:1030®] g3 — I¥ =ux {T = {T¥ =:1d uiseq usy}
(@1< e VII<TI)A(0<BIVS<IN I

£

fpue 11xo 0308 {MHHIO =:gSIXVIO'Id UlBeq uoyj uoistodad < i Ji T + g3 - T =ig¥
f(sde + (XVIN 9510 NIN UoU} (XVIN)Sqe < (NIW)SUe JI)sqe)0T801 =iT3
§2V0T X G =:sde g - (I - gYOT X Id)seoTez + T =gy {(10°T X TA)OTS0T =:1% VV
SCIANIN ~ XVIN'06NIN‘HAHIO)SIXVIOTA 9SI® (TA'NIN - XVIW'0'HIHIONIIN)SIXVIOTId udy} [eJUOZIIOY JI
£9STBI =013 £(QT)UT =:QTUl Y X 2 =14 £y X 9 =94 {§ = £, =:uolstooad
£500J9Z puo
pue
3 =:S90J9Z
{pue VZ 008 T + 3 =i {T1 =31 UIBeq ueyj 0T X TII = T JI £0T ¢ [ =TI Y/
0 =Y UuIdaq 9s1o
£y =:S90J9Z usay}
0=15
£ ¢TI J9891Ul urdoq
{1 J939JUl {1 onjeBA {(I1)S90J9Z 9INnpeooJd JOSUIT
£(9 + 1T°0°0)LOIA/((¥ + T0°0)LOTd - N) =S fI J08RJUI ) [BAI £I onfea £(I‘N)S SINpPadoxd [edd
$(0TUL/ (X)ur)Ie1jue =:0T301 {x [BaJ £(X)QT80] ©InpeooJdd I95ejul
§Sou ‘yo1) ueajoog {4 ‘x ‘repo ‘xevw ‘urwx ‘dwel ‘Ip ‘sde ‘QTUl ‘JI030BI 1BAI
fduro)1 ‘uorstoaad .y 9y ‘y ‘gl ‘f ‘1 ‘sod ‘o1ofo ‘dejs ‘b ‘d ‘wxr ‘u ‘d ‘gy ‘g ‘TIY JO8OjUI UuLsoq
fTejuozLIoy Uedjood MEHIO “Id ‘XVIN ‘NIN [e9d

SYAHIO ‘Tejuoziaoy ‘Id ‘XVIN ‘NIN onfea {YHHILO‘TejuozLIoy‘TAXVIN‘NIN)ZSIXV.LOTd O.H..D@@oo.wd Tead



96

U 9y X (g + u) - x =:50d §(CUAHIO)S =:I0Uj0 =:X {(9'XVIN)S =:XBW
pue y x I ~ & =:sod §y x g - aoyjo =4 {(9°YHHLO)S =100 {(G'XVIN)S =:Xeuw

YV 0308 fona) =:3o1} {1 x dwoyl : (sod - b) + dwel =XVIN 10 X
fqg x dwojr =1

S(9°NIIN)S =:uTd uLge(q osIo
§(S°NI)S =:uTw ulseq usy)
[ejuozLIoy JI :weyod

dwogr : sod - dwdy =:NIIN
§(Ta x sod + NIW) =:dwe) w30l

mmm 0} 03 uay; deys > dwejl JI §9104o + dwejr =: dwell gg  fo104o = dweit

fpus

pue dureyr =: gl §1 = sod urssq uoay) gl < dwregr 71

fpue

pus

wro8 01 o8 uayj dojs < dweyl Vv 1 x dwojr = a10£0 J1

£1 : 91040 =: dwejl uisoq

Op I 1Un - 493 g : o10L0 =t 1 10} os[e

1+ [ =

Towy [ < gl v [ < dwey I £((g3-) V¥ 0T X (Ia X

dojs > 91040 J1 fsod - 1 =t 9[0ho  UIBeq
I

[ uemy

+ NIN)sqe)seoasz =: dwoll usoq

op b Tpun 1 des g =t 1 Jd0] f1- =t sod = gl =t [ :@TIDAD
furayljod 0308 uady} g > Qmumlw 8" + IP/U X (1 °S19 9 X (g + U) U9aY} [BJUOZLIOY .ﬂ.v =:do)s

£(0 os1e T uey} sde~ > EEM@ + (I + W 9SI@ Q Uy} Q = S..mv + U =U

$(2T 9si@ TT U9y} [BIUOZIIOY 710°0)1071d/ 1A

=1p {IQ/(NIN - XVIN) =P

e IR, W———

fo8ed puoods ZSIXV.IOTA JUSULILOO



{gSIXVIOTId pus

111X
$(4°0' % ¢ + sod)LOId 8sié (8'U x ¢ - s0d‘0)LO'Id USY} [BIUOZLIOY JI =:ZSIXVIOTd
1 JI0J pue
, pua
0 = ¥ fy x T - sod =isod £(3d*p‘u‘1-‘osTe}0‘ LU~*d0°0).LOTIXII
S X 1-onay‘of Ly-*d‘l 9STe sod Uey] Tejuozixoy Ji ‘sod SS[8 [ UL} Teju0zIIOY J1)ILXHLIOTd
£8/(9U x (¢ + u) - xew + utwr) = 1 + (¢* + (3d)sqe)p1801 =:u
€06 oS[@ ( ueyj [ejuoziioy Ji =id TUISLq
ueyl 0 $1d v g : b =17 INILIOHUAMO

97

fpue pue

puo puo

f(dwey ‘dfu‘1-‘onay*(*y~*0‘ L dwalr) LOTIXIISAY ST
(dwej~‘deu‘ 1~‘onay o Ly~ 0 £ dwalnr) LOTd XL uayy Sou 1
f9u X ([ es1@ 2/((0 ©S12 T uay} 8au :mv - [) uay] 1RIUOZIIOY m.mv - X =:dwolr

f(z+dose Tuays 0 = d 41) + u =:[
fPUS o =tu Wy 0 > u JI fw =:d fT + (sdo + dwe))T80l =:u UIBLq o515

pua ¢ =:d {I =:u uIdaq uoy]
sde > dwej 1
f(dwoy)sqe =:dwej fsde- > dwey =:8ou {I10308] X (I X I - XVIN) =:dwe)

(1-*4A*gg + J0U30)LO'Id {(g-*A°19Y30)LOTd UIeq USY} OI} JI §Ip X I - XBW =:A ULdeq oS
(1-°6% + I9U30*X)LO'Id ¢(3-*IoYl0*X)I0Td UISSq USU} oI} JI §Ip X [ — XBW =:X Ul8eq Uey}

TeIU0Z1I0Y JI

Fro——Tam—

urseq

op b mun 1 de3s @ =:1 d0] Sx0j0e] X sdo =: sdo

%
———— o OO

fo8ed pamy} gSIXVIOId JUSWWIOD



fpue
00%¢ + XBWX =IXWX {XBUWIX/(NINX - XWWX) =d

fpue
XA X JUIX =IXBWX UoU} ¥ = X[ A T = X3 JI
IAX XX NINX ‘X XA /Xewux‘ U I IX ) TVDS 9sIo
(TAX XWX NINX' — XN'XA/XBWX‘Z [*XVINX oSTe NINX eyl T = [ JH)ATVOS uoy}
7 < X J1 =HjuIX  ulseq osTe

Pus TAX/(NINX - XINX) =uIx {XJ =rI0X SXVINX ='XINX {NINX =:NINX  ulseq uayl

9 =X J1 UIBeq
U} L § X V MOU JI :XO[BOS

§7 > 8y =imou Q9T X X3 - opowr =:iAY $0T  : opown =:XY
00T X D3 - opowr

£000T x 8y - epou

98

opowr {Q00T : opow =:p¥
topowt £000T : opowr =:3y

il

Sxwd ‘xwx “QuIf UIX TZOJUI UMO f D ‘d “IaX ‘XA ‘NIA “IaX ‘XX ‘NINX [6od UMO
§0AIND ‘OSBOJIOUT ‘mou ueealoog [ ‘AY ‘X3 ‘P ‘SY TesSoI fIA ‘IX ‘X ‘X Teoa U139q

f8uraysd *Burxisx Julals

SxeWA ‘XBWX ‘Opowl ‘NIBWIER}OP ‘MIBW ‘U ‘I Jooojul

XA 'XVINA ‘NINX ‘Xd ‘XVIAX ‘NINX ‘IX ‘IX 1ead

fxewd ‘XA ‘XVINA ‘NINA ‘Xewx ‘Xd ‘XVINX ‘NINX ‘Opou ‘MJewejlep ‘jIeul ‘U onfea

f(BurnsAxewd XA XVINA NIN X Sutajsx xewx XA X VINX NINX  OPOw‘ YIBewre) [op* YIeW U 11X * IX) I N LOId LOId oInpesoxd




99

pUs (3T°0°0)10Td X 8T ~ XIWA =TX {(IT°0°0)I0Td X ST - XWX
PuS NINX =:TX {NINX

§(Buraysxf 0 onay*0°8z 0 X NINX) IXALLOTd ¢ (NINA

‘IX urseq as]e

:IX  ulseq uayj

, , I=38171 :prad

ONIPTIAX ‘XX NINX)ZSIXVIOTd =:X  Ulsoq
USy] Mou JI

‘d x ~-¥g =y

§(8urais£*0*onay* 083  06° NIN A ‘H) LXILLOTd ¢ (d°9sTeI' TAX ‘XA NINX)ZSIXV.IOTd =Y

$(eg-xwd xwx) 101d $(22°0°d)10o1d

{12-°® x 00% - NINX‘d X 0008 - NINX)ILOTd

fPus (£2°0522°0)10'Id $(12°0°0)LOTd {NINX =Y UISeq Uy} Mou JI  UILseq

uoyl 4 ¥ A A meu i
_ ‘pus

06g + xewd =xwd {Xewd/(NINX - XIX) =0

AQ x WL =ixewd sy} § = AJ A T = £ JI

fpuo

v

HTAXR XA NINA ‘A XA/Xewd u' I 1X )4 TVOS oS
(TAX ‘XWX NINA‘E - A XQ/xewd g *XVINX 9STe NINX uay} I = [ J)ITVDS uoy)

g < £ J1 =nquif  Ugeq osTo

PUS TAX/(NWA - XINA) =uIf fXd =VIQA {XVINA =XIA SNINA =NWX 155 ua}

9 = A1 J1 TUideq
uey) L 4 £ J1 :£e1eOS

%

fo8ed puooes FUNIOIAILOTII JUSWITIOO



100

PUS (0°0°IX)TAMNOIOTIA 0 =1 UBeq  os[o
(T°0°0)TAMNOIOTd  Uomp

T=DPIA0=DpJI uBeq

TS} 9AINO JI

§(STRWR)IOD)SAR = }IBWE)[Op {0 < NIBUIB}[OP =:OAINO

§1 4 &) A mou j1 pue

MOU JI pus

pue

(T'TX 9sI@ XA soﬂ,mmmmnoﬁ lm.qu.Hqu
{(T°XINA 9S1® TX udyj 9seaxdul MM..MV.HOQ&
fpuo osTe] =:9sBOJOUI SNJNX =!TA UIL39q uay] = 8 v uix = _..m

rIaX x. [ + NIWX =X £9SBOJOUI =:9SBOIOUI ursoq

©Op Jux Thun [ de3s 1 =:[ o]

fonJ} =:08BAJIOUI

fpus

(T'X‘IX 9STe XINX Uey} aseaaoul J1)LO'1d

$(3°A'XINX 9STe TX Uoy) aseagoul JI)LOTd

{pUo OSTE] =:0SEBAIOUI §NINX =X ulseq usy} 0 = Sy vV Wik = [ 11
IaX x [+ NINX =X {0SBOIOUI. =:9SBaJOUl ursaq

op JuId THuUn T do3s 1 =:{ o}

§osTe] =:osBaJIOUL

1I0A

1Z21I0Y

—— — —c——

fo8ed pary) FUNLOIAIOTd JUSWOO



101

MATISCH CENTRUM

AMSTERDAM

) SHYNLOIdALOTA pue
S aewana) 0 R0 TR N
0°82°0°TX‘IX)ILXALIOTd Uay} IBWRBI[SP Hﬁomqm
B = + L I
UQO 6 ml-l-l |
(70 IX)TAUYNDLOTd €0 =1 undaq asTe -
(£°0°0)TAUNDLOTd usy}

S o
I>PpPH31  umseq USY3 OAINO JI

| fpus
fpue ({p*sprewr’ond)* ‘g 0 TX SITA ¢ U
10°82°0' T IX)ILXALLOId <0 =:[ ulseq us S

Lout U3 JJIewelop =

[3 ¢ % _..-I-m
§(2°AX)AAENDLOTd USY} 0AINO JI

STX =t
X =X fI1X =X {1 + [ =t[

'3 —————
§(qrewW)sqe~ =: op u [rjun
aew £g - : T doys T =
14 (lTewR}Op 3518 U- TSG] 0 M,H.map T =1 JO}
- BHOP JI)

%

fo8ed
Yoy FUYNLOIdIOTd JUStutuoo

MATHE

BIRLICTHEEK.



102

(¥-*0°1-)10Id
fpus
(2°00S-°00L )ILOTd  :I®OID
“(€°009-*00S )LOTd (€°00S ‘00S )ILOId £(£°00S ‘00S-)LOTd
“(T°00S-°00S-)IOId (3*00S-00¢ )IO'Id :x0q
fojmumgur odols [BU JUSTUWOO ¢(F0°0T™)TAMNILOTA
f(g'(eg/1 x ompurs x 00g*(ge/1 x 1OM1)S0D X 00G)TAMNOLOT OP z¢ THUR T d578 o =i1 7o)
fo3urzur 2dols [EHIUI JUSWUWIOD £(0°0°0T™)TANNDLOT
S 6-"ona 00400 0) LXALLOIA
<(00%T°UIPBDIq 004 004°00L~* 00~ )TNVHIIOTd  WUIsoq
oD 004 ‘00%T =:yjpesiq Toj
$9G926STHI ¢ X g =t1domy

‘yjpeeaq ‘tdomj [eod §1 Jo80jul

pus

fosdIl[g pue o10a1) :1 weaSoad o1dwes JUSWUIOO

ursaq



103

($@AYNDOLOTd Aq Burdweq Joxxd :g weaSoad ordwesy ‘0 ‘endi ‘0 ‘9% ‘0 ‘002 ‘0)ILXALLOTA
fo18ue 10j Pue
00€ + X =t X
£(g ‘0 ‘0)IAYNDAIINYVIN
§(g “BUIS X OUI + (0G ‘BSOD X OUI + X)TAMNOAIAMUVIN OP 00¢ 11un QT do3s Q0T =: Oul Io0j
f(pBI x 913uB)S00 =: BSOD {(PBJI X O[JUB)UIS =: BUIS
£00¢ + X =0 X
£( ‘008 ‘our + X)TAUNOAINUVIN OP 00§ [um 00T dejs @ =: oul I0]
T ‘9 ‘0)FAYNDAANYVIN
S(<F ‘TT “OST®F ‘0 ‘8% ‘0 ‘0 ‘0)IXALIOTA {(d18ue ‘0 ‘g ‘0 ‘OsTe} ‘0O¢ ‘8% ‘0 ‘0 ‘0)IOTAXII
{(¥= 3upi jo or8ued ‘g ‘onday ‘0 ‘82 ‘0 ‘00% ‘X)IXHALIOTA  uIseq
op geT ‘06 ‘Sy =t o[due Jo}
£0 =t X S08T / ¥9986STVI ¢ =: pel
£(00ST ‘00€2% ‘00%I ‘0022 ‘00T- ‘00T-)IWNVYALOTA
§OUl JOBOIUI §X ‘BS0O ‘vuls ‘oldur ‘pra [Bod

pue

SIANNOIONA 49 Surdwreq Joxxd :g welSoiq ordwes JueTHUIOO

UI189eq



104

§({(XI9QqBIZ)UIS/ (X[O0RG)S00 =

‘LL0% BSTe 0L0T USU} 3SIY JI ‘% ‘L ‘Tg ‘T ‘[1)300 ‘BIfep + [1]X)3¥N10Id101d

‘G9 “1 ‘(3g/(T — 1) x 1dom})sod 9STe ¢ UWdu} 0 = I JI ‘28/(T - 1)

§({(X120®1Z)S00 ST YOJIMS “(X[9QEIZ)Uls SI

‘g9 ‘1 “(38/(T ~ 1) x 1domjjuls ose rdom} usyj ¢ = I

Bj[Op JI0] pue

OSTe] =: 3SJI]

(XIoqe1Z)ue3oo ST Teadd ‘00ZT ‘00T ‘0 ‘0

‘0 ‘0 ‘0

uﬁw .O

pue

useq
OP G°T ‘0°T ‘G°0 ‘0°0 =* ®)Op 10} :jo0301d
fonay =: 3I8Ja1]
. {1 107 PUo
(x)uIs / (X)s09 =: [I]300-
99 / 1T x idomy =t x fy9 / 1 =t [[]X  UuIseq
op T¢ Thun [ dejs T =t 1 10}
£§F 0 0 ‘0 ‘0 ‘T ‘0 ‘0 ‘0 ‘0 ‘LLET ‘T ‘6
osTe 0 Uay} 0 = I JI)FYNIOIdIOT :soojord
aanpeood} ‘0071 ‘00T ‘T0°T ‘10°T-
‘4 ‘0091 ‘Sz°0 ‘2 ‘0
‘e9eT ‘v ‘0T
T ‘ge/(T - 1) 950 <idom) Way3 0 = T JHEYNLOIIONd :uisjord
{$9926STHPI ¢ X g = 1domy
S[TE:1]100 ‘X Aeide [Bod £3sI1] uBajood 1 J939UL feiep ‘x ‘tdom) [eod <
€300 s00 uIs UM FUNLOIdIOTd ojedisuowsg :¢ werdoxrd siduwreS JUSTITIO O ursoq



£(4686102H91¢
€08LVT699L
6S8T€9609T
GET683T689
ZETS076992
ZI676110€8
$609TTISTY6
€LTIFI6¥20
96T880E6¥S
6L90LTTTHE

105

f(yd x dydxe x xewa =t I {mydelep - 1yd =t

f1eaids repusuodxe ue ur 1d- jo S[RWIOSP (00T ‘IXHALIOTA Jo uonexjsuowsq :§ weidoad oidureg TUSWIUIOD

6069611199
LTLTI0GYVT8
8CELTELEGO
6L336L0S0T
9¥818%.L9%8
T8€6.2¢168
TS69VIP8ET
92L09€6EET
68¥6¢¢9¥¥9
Ge8¥E08¢98

fg == [ £0 =t 1myd fpg9 =:

4L8L%6T00ET
€80CEESGLBS
1666%08L6%
LEGBS6TSIY
€0GL9L1€67
¥6L2GLG88T
¢G99¥0¢88Y
¢8¥99¢EYSY
6GGG01TCS8
6680¢98690

990896¢1.L1
988TSL8€E8L
LEB666666T
TOEVECEY3GT
9LTLTE6EGO
GEL966¥L2C9
G0€s0EeL10
0T98%€09%¢
€610L20178
¥918L0€¢6S

XeWd = TI £€%0°

ES08LLS8T
£1€000TOT.
E€TTZLOL8TS
1060778971
LLTOLEV609
66LETIFVLO
098065268
$69958V95F
20SFLITIRY
YP6126028S

8LLG6TGLE6 GLBLEGETSS
I88T1E619¢ GE0GBIVTEE
09660€TLLY LL6GOETIRES
wabﬂpmmmp T60968L.LGL
86LTB0L06T LELVTES6ED
8FS8TIS0TE 6LT19¢E618
9ET9EGTLT6 0V53668E96
T606T0CTLG SITEBLIBLE
8CI80T6GES CLIECERSGOG
0TGLE66€E69 TL6TVEBGOS

€98¢986SG11
G¢80€CCScy
I8T¥PE0TI8
GYET1LLGRLL
¥6¥6€12098
€LTTH8T260
026025188
€38¥9G.L¥8¢
G6097¥8€60
6L3EBEETIC

pue

(¥-°0'1-)101d

£L89¥4GL8G
9¢0€80697¢€
0961206¢1¢
¢809G€9¢SY
0€¥99590%¥
€G616G96GLS
LT88GSTE90
T97¥€€6G99
LY990€38¢¢E
978€0£6.168

706%€5386G
Ge¥6SY¥20¢
TT1966610CY
T,21895000
G9EELIEERE
9€0L,2LG0€€
9900.18G%¢L
GL60T88CTY
1698087138
GEGI9C6STVL

.ﬁv ‘0 ‘onay ‘o ‘w3y ‘eydre ‘0 ‘xewd)IXHLILOTd

£(00L% ‘004 ‘0SET ‘0SET ‘09ET- ‘0SET-)ANVHILOTA (T - (d x Womj)dxe) x xewx x GL° X (L/9) = O

d fidomy / 09¢ = ped f$G9g6SIHTI ¢ X g = Idom)
fy81ay pur eydle jo UOIIBINOBD .mﬂm

9/L X q =3y81ey

fmd = Td §x =2 I £08T + PRI X (((2 V 8ae - 1)1abs / Baejuejoae + wd) =: eyde

f¢q / (wdeyep)uls x I =t 3a8 {((Yde)ep)sod x TI X I x g - Z VY II + 2 < I)jabs =: q
md {11 / (Tud x [
fpuo 118 0303 £

fpea ‘1domy ‘eydre ‘Sae q ‘xewa ‘d ‘O

= q fQ =

dydxe x o =: wdejep {1 -+

[ urdeq uoy} QT = |

[ =

H

1IX0

POTTR——

DIGED]

£y81oy eanpoooad Tead

‘tydejrep “‘1myd ‘wyd ‘fa ‘ax 1ead ¢[ xe8ojul




106

(F= ‘0 ‘T-)10Td  S(LE=LAVL$>>= OQUNWINTTDI} ‘0 ‘onay ‘0 ‘ez ‘0 ‘0 ‘0)LXALIOTd

S(fb ‘1 ‘OSTRI ‘0 ‘SPGB ‘0 ‘0 ‘0)IXTILIOTL oD 2T ‘IT =t I 70}

f{(f <i/x-+27 (PIIYHSDIAY ‘0 ‘ondl ‘0 ‘Syg ‘0 ‘S8e  “0)IXHALIOTA

S ‘1 ‘osTeF ‘0 ‘S¥z ‘0 ‘0 ‘0)IXALLOTd Op 0T 1un T do3s g =: 1 10}

=t AXXXMMAATN odPAoDAdeY} ‘0 ‘Ondy ‘0 ‘S¥T ‘0 ‘0L ‘0)IXALIOTIA
S0 1LsSIHbdAg 68L9SFETTO> ‘0 ‘Onay ‘0 ‘SHz ‘0 ‘SSIT ‘0)IXHALIOTIA

£50X0Q JI0J pus
X0q JIO0] puo
0T¢ + X = X
1 10] pue
[ o3 pus

f(e ‘4 ‘gx)107Id (g ‘A ‘X)I0TId f(¢ ‘Bh ‘X)L01d
(e ‘IL *X)LOTId (T ‘AL ‘*X)107Id {(3 ‘4 ‘1X)101d
fg+xosexuey ¥ =L JI =2 gx

f{g ~xoSex Uy} 0 =[ J1 =t Ix fgg x [ + X =0 X TU[8oq

Op piun T de3s o =t [ T0j fg + A BS[E A WA 4 = 1 J1 = g4

Sg -~ KAospo AUey) 0 =T J1 == TAfgg x 1+ X = £ Urseq

op , 1un T do3s 0 = 1 307 £0G0T + X =* X UWou3 Ig = Xoq A IT = X0oq J1  uIgeq

Op sexoq TIUR T G3)S T =i Xoq IO} f¢gg - X = A f0 =t X U9Aq
op 0T ‘% ‘0€ ‘0g = soxOq JIOJ f0FCT =t X

£(000% ‘0000T ‘008T ‘0000T ‘00%- ‘0)AWNVHJILOTA

£g£ *gx ‘T4 ‘Ix °£ ‘x ‘X ‘X ‘[ ‘1 ‘Xoq ‘sexoq Tosojul

pue

{sasjoeaeyd IXHALILOTG I8 meiqg :¢ weadoxd oidures JUSTITIOO

utsaq



10%
'Table 1!

[2p) [ o vt (] o o™ ~<H <H <t ™ <H lar] < o - [2p] <t
i i <H 10 ~<tt o o - <t ) &~ © A o) Nel © ™ =] <H (=]
<H o - o o i ™ < o o <H o N <H <o o [} < ar)
O o < <t . <t o L o, D= v <t <H o ) t~ B~ [} i (=] -
@4 ™ o)

4...A <t 3..A [5p) 5] o 3..A,1 i o <t [a] m i i ™ < ]
>~ O © m w0 o i N, Orm Comam <# o o - B~ [\ < i o™

T
o <H <H "THO <t ~<H vA.lOO S mMm MO L) (] N - [ap} [~p] =i <t (n]
o~ o - =i D~ o M0 o H b= HO MO ~<H A < O © i <t o -
Rl Q
™ (2] <H i <H <t H < e .LA..O..AO..A O O [\ <H Lo o <H < N 2] (4]
OO W o-, MO <t b~ - <+, . Mmoo 4144n0 — o b~ < b~ < o <t o FH O
2 23 2
O~ v MMM Mo <H 3%1010 NOOO. N v—{ o SO ¢ [2p] (=] oo

HEMO® OOWmHDNMO -~ mHoFom W, OO0 © O oOmom omnd O
™ B0 ERS) - =) =

COOWOMIMOHDMWOV® @ O HEHmrH,_ @ O MM, © g~ O M @ MM MM ¢ r Hi- i <H<HH <
, 0 0 Q2o 5 ¢ @ o O o)

ArNotYodomodwdool lydomntS2cmolnmd2alcs P2 nnomPonmtooc o

553

- e

lO!
'1'
'2'
!3'
'4‘
15'
|6'
|7|
|8|
191
'al
l'bl
C
|d|
'e'
Ifl
1g'
lh!
1'
]'
k'
1'
ml
'nl
'o'
'p'
lq’
'r'
'S'
lt'l

o= e= e om



IBI
IC!

!DI
IE'
IF'

IGI
'Hl
|IT

'J!

IKI
ILl
'Ml
IN!
IOI
IP'

'Ql
VR‘I
lS!

Al
o
Ty
W
11
ry?
VAl
1yt
1t

'X'

|/|

tot

1/}\1
|>‘|
I>|

X

ChBARORSOWUNS W
O oMUl OO oL WM

W
@
™

S
]

w
o
o
Q

Ul

L'

‘see 0!
'see P!

Wox (2) (3) (4)

2

'"A(3)!

<‘l\'>l-li-‘ O COOO w o o OB RO ORMO

q

I ST AR ]

o

3

NN O IO GO

o= -3

TaNwo o =3 N No =3

oo

DO =3

'A(2)

OO =N
O o w

C.OSDJC.OCQ

oo
o

DN O
OO W

> o
[=BEN]

COoOONMNBODWW
O T JH-IIO

T tNwo =

108

0 1 4- 5
LAV (1)1

2 1 IAHT

3 0 4 1
0 7

4 0

4 6 3 7
4 6 4 5
0 0

1 7 0 6
4 3 3 3
4 6 4 1
3 4 0 4
4 4 4 7
2 7 17
4 7 1 4
'AL? 4 7
4 7 4 0
4 7

4 6 4 5
'AR!

4 1 4 3
4 6

4 7

1 0 3 0
3 0 4 7
2 4 4 7
2 4 4 7
4 0

3 2 1 2
1 4 TA«T

2 6 4 4
A>T 7 0
4 1 0 3

N O N
~J W WwwWw

ALY
7 0

|V<'l

0 5
4 3
'A(1) (4)
A}

[==JN |
[¥V]

4 1
A1

4 4

l/\P!

'AUJ"

AN
LIS



109

© 0 [~} o [N ] oM
%o
<H <H <t 1yA41 N o
o Te) o [\ Tl W (e [na i To]
b~ o <t N - <t &
- 0o o NN O <H 0 -
M
- o b~ o MmO <t o
<H w0 o™ o <H D~ O <H 0 b=
[ mn o D~ 0 rd m o
<f <t ™ (=) <t D>-NO SO S S S A Te]
<H < ~<H i MO - +H O HOHD
o NOONO ™ W WO Wb~ bW
g <H <H <H <H b~ — oM~ OO [aa B I o\ BN I ]
N, H OO N OO < - O OMmMm
-
4%42234 [T D= e < MNMreEANANNO
] e T .l
NOFOWm ™ @ N M @A NOFOoOOoOOONA
. O QO 0] e
. .
cococococollnalnladrmtodono

" e o e e = " e

= e e e e o o e

'AT)(8)

2 3

010

< <

[Ar IR Tel

[ e’

2 1
0 1

1see (7)

2 1

- M

[\ B o R ]

Lo B e B Vo)

<K 3 ™M

0 M <H

<H < NN

w I <H

S N

- MW

0
0
0

1
2

N ©

L T T R N A

1

0

1



[y

kb e
ORI DNDOWT OO MW-TIO U OO U ®

CTWHUTOH N O]

12
15
24
41
45
54
66
24
111
70
81
92
70
92
102
110
123
131
225
136
294
142
124
83
152
163
124
174
184
193
200
203
212
225
236

240
250
262
274
281
281
262
288
294
347
300
306
311

110

'Table 2!

0
1
2
'3
4
'h
'8
b
'8
19
‘a
b
'c
'd
‘e
'f
'g
'h
'i
']
'k
'T
'm

Ol

1!

2|

3!

41

5!

61

7!

81

91

10
11
12
13
14
15’
16’
17!
18!
19
20"
21
22!
23"
24
25!
26°
27
28!
29!
30"
31!
32!
33!
341
35!
36!
37
38!
39!
40!
41!
42!
43!
441
45
46'
47
48!
49



et
DN =3 O

b ok
(CR=

et

OO0 WWWRNWOUHWUMNONOITO R U JUTWOo

316
306
320

320
330
342
346
352
355
360
367
372

219
219
213
376
378
392
397
397
407
401
404
407
415
418
421
424

111

'N

'0
P
'Q
'R
'S

'T
U
Y
"W
'X
'Y
'Z

rcomment
Gt
")

50!
51!
527
531
54!
55!
56!
57!
58!
59!
60'
61
62!

64'
65'
66!
67"
68’
69*
70!
71t
721
731 .
74!
75!
76'
77
78" .
79!
80!
81'
82!
83"
84!
857
86!
87!
88!
89!
90’
91!
92!
93!
94!
95!
96!
97!
98!
991



RGN

OOV OOODOOJONNTIUIMHAHDNIWOO O

487
491
495
503
219
213
213
213
511
517
518
523
530
536
546

COO0OOOOoOO

112

'Boolean
'integer
————— o —
‘real
tarray
—-—-.—-&-
tswitch

'procedure

'string

'new line
1

11

'stopcode or ?

100!
101!
102°
103!
104
105
106
107
108
109
110
111
112
113
114
1157
116°
117!
113!
119
120°
121!
122!

2'
3t
41
51
6!
7!
8t
gt
107
i1’
12!



113

Output from Sample Program 5
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Output from Sample Program 1
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Output from Sample Program 3
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Output from Sample Program 4
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